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replicating method. 


Introduction 


Be GRINDING OPERATION is one of the most im- 
portant means by which metal may be removed and fine finishes 
obtained, yet the process by which a grinding wheel wears is un- 
doubtedly more complex than that of any other metal-cutting 
tool. This is true primarily because of the very complicated and 
indeterminate geometrical nature of the grinding wheel. Its 
cutting elements are not of controlled geometry as are those of 
the other metal-cutting tools but rather a composite random 
arrangement of literally thousands of tiny cutting edges of nearly 
as many complex geometries. Yet, these tools of vastly different 
shapes must perform under identical conditions to produce parts 
of fine finish and precision. If optimum utilization of these 
bonded-abrasive systems is to be achieved, it is necessary that 
the nature of their performance and wear characteristics and the 
factors that affect these characteristics be understood. 

In order to investigate these problems a comprehensive, 
continuing grinding-research program has 


been undertaken 
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Factors Influencing the Performance 
of Grinding Wheels 


Optimum utilization of grinding wheels can best be achieved if the nature of their 
performance and wear characteristics, and the factors that affect these characteristics, are 
understood and applied. 
grinding-research program has contributed to such an understanding. 

A study of the nature of grinding-wheel wear indicates that the grinding-wheel wear 
curve ts similar to those of other cutting tools. It demonstrates further that the type of 
grinding operation significantly affects the nature of wheel wear. A unique technique 
has been developed for very accurately measuring grinding-wheel wear. 
wear may be translated into terms of ‘‘grinding ratio,’ which is the generally accepted 
parameter for measuring wheel wear. 
per unit volume of wheel worn away. 

Extensive studies have been carried out to determine the effect of mechanical variables 
on grinding ratio, power required in metal removal, and on surface finish. 
mental findings indicate that grinding ratio decreases with increased metal-removal rate 
and increases with workpiece diameter, decreased chip load, and increased concentra- 
tion of grinding fluid. 
and the amount of metal removed. It increases slightly with workpiece diameter and is 
affected little by work-material hardness. 
decreased metal-removal rate and decreased chip load. It also is affected little by work 
diameter or work-material hardness. 

Fundamental research in the mechanics of wheel wear is supplying much additional 
information in the study of grinding-wheel wear. 
employing a cylindrical grinding dynamometer provides the opportunity for relating 
the wear of grinding wheels to the basic mechanics of the process through such funda- 
mental quantities as grinding forces, specific energy, and grinding friction. 

Two additional experimental techniques for the study of chip formation in grinding 
have also proved to be most useful research tools. A ‘‘quick-stop’ apparatus is used to 
freeze the grinding action by accelerating a tiny workpiece almost instantaneously to 
grinding-wheel speed. 
grinding grit and that of the contour of its path through the workpiece by a unique 


As reported in this paper, a comprehensive, continuing, 


This measured 


It is the ratio of the volume of metal removed 


Experi- 


Power is found to increase with both the metal-removal rate 


Surface finish is found to improve with 


The measurement of grinding forces 


Another technique permits the comparison of the shape of the 


within the Physical Research Department of the author’s com- 
pany. It provides a well integrated basic and applied approach 
to this very important problem of grinding-wheel wear. This 
paper presents some of the important results obtained and the 
understanding achieved to date. 


The Grinding Wheel 


The grinding wheel is a bonded abrasive body consisting 
usually of Al.O; or SiC abrasive grain in a matrix of ceramic, 
resinoid, or rubber bond. Only the ceramic (vitrified) bonded 
wheel will be discussed here as it is the type of wheel used on 
the large majority of precision grinding operations. 

Wheels are available in different grit size and type and in 
different wheel grades and structures, that is, amounts of bond 
and porosity, both of which affect the performance and wear 
characteristics of the wheel. The periphery of the wheel pre- 
sents many small grits (cutting tools) to the workpiece during 
each revolution. 


As shown in Fig. 1, these grits are essentially 
of random geometry and remove tiny chips similar to those 
formed with other metal cutting tools. The character of the 
chips formed varies greatly depending upon the geometry of 
the grit which forms them, as well as other physical considerations. 
Fig. 2 illustrates a random chip sample which shows both ex- 
cellently and poorly formed grinding chips obtained during 
the grinding of titanium. 
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The Nature of Wheel Wear 


The wear of grinding wheels is both physical and chemical 


in nature. The relative significance of each of these types in 
the over-all wear depends upon the grinding-wheel work-material 
combination, and geometrical and mechanical conditions ex- 
isting in the particular grinding operation. The nature of these 
wear phenomena with respect to the abrasive grit will be dis- 
cussed here only in such detail as is required to explain the 
relationship established between wheel wear and other quantities 
in the experimental data presented later in this paper. 

Grinding wheels have been found to wear in much the same 
manner as do cutting tools. However, the rate of wear of the grind- 
ing wheel with respect to the volume of metal removed is found to 
be approximately a million times that of a cutting tool {1}. 
The curve relating volume of wheel wear versus volume of metal 
removed, Fig. 3, is found to be quite similar in shape to a complete 
wear curve of any cutting tool. It may be seen that during 


1 Numbers in brackets designate References at end of paper. 


Fig. 1 Typical section indicating the nature of grit geometry existing at 
the periphery of the grinding wheel 
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the initial contact between wheel and workpiece, after dressiug, 
the rate of wear is extremely high, while throughout the next 
portion of the process the rate of wear remains constant. The 
latter is the normal operating portion of the wheel-wear curve 
As grinding proceeds and the abrasive grit makes repeated 
contacts with the workpiece the sharp edges are worn away pro- 
ducing flat areas on the grit, that is, “attritious wear.’’ As 
this process continues further and the flat area on the grit in- 
creases, the force on the grit also increases until it becomes 
sufficient to cause it to fracture producing new cutting edges, 
or to rupture the bond post throwing the grit out of the wheel. 
This is known as “‘fracture wear’’ [2]. It is at this point on the 
curve, when a large percentage of the active grits reach this 
condition, that the wear rate increases sharply. If the bond 
posts are too strong or the grain is not sufficiently friable, the 


Fig. 2 Random chip ple showing both excellently and poorly formed 
grinding chips obtained during the grinding of titanium 
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Fig. 3. Grinding-wheel wear curve indicating the nature of grinding-wheel wear 
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dulled grain will remain. This condition gives a glazed ap- 
pearance to the wheel face and redressing of the wheel is re- 
quired to restore sharpness. If, however, the wheel is properly 
graded and suited to the job, the nature and proportion of at- 
tritious and fracture wear will be such that the wheel will tend 
to be self dressing. 

The grade of a wheel is a measure of the amount of bond 
supporting the grinding grits and is therefore a measure of bond- 
post strength. It follows that the harder grade wheel will permit 
the grits to become duller prior to bond-post rupture causing 
the wheel to assume a less free-cutting equilibrium condition 
than that of a softer wheel. Thus a wheel which is too hard will 
tend to glaze and eventually cause chatter while a wheel which is 
too soft will break down quite rapidly. 

The structure of the wheel is related to the grit spacing and 
thus to chip-clearance space. For the same amount of bond 
material (same grade), a more dense wheel tends to act somewhat 
harder than one of openstructure. In general it also requires some- 
what more power, tends to load more readily, and to put more 
heat into the workpiece. However, too open a structure will 
tend to cause more rapid wheel breakdown due to heavier chip 
loading of the grits and will yield poorer finishes. The proper 
selection of wheel grade and structure is the first requirement 
for an efficient grinding operation. 


Measurement of Wheel Wear 


The generally accepted parameter of grinding-wheel wear is 
the grinding ratio. It is defined as the ratio of the volume 
of metal removed per unit volume of wheel worn away.” Harlier 
research has indicated, however [1], that, due to the initial wheel 
breakdown evident in Fig. 3, a single datum point is not suf- 
ficient to establish this parameter. As the amount of metal 
removed increases, the ratio approaches the reciprocal of the 
slope of the wear curve. This reciprocal of the wear-curve slope 
has proved to be the useful index of grinding-wheel wear and may 
be obtained directly from the wear curve. An example is given 
in Fig. 3 where the grinding ratio as measured from the slope of 
this curve is found to be 86. 

The method for determining the volume of grinding-wheel 
wear is to measure the incremental change in wheel radius for 
a given amount of workpiece removal. Knowing the initial 
wheel radius, the incremental change in this radius, and the 
width of wheel face, the volume of wheel wear can be computed. 


Fig. 4 Electric strain-gage transducer for measurement of grinding-wheel 
wear 


Except for small wheels, a direct measurement of wheel diameter 
is an unsatisfactory method of measuring wheel wear since the 
change in diameter is too small a portion of the total dimension 
to permit sufficient accuracy. However, it has been found that, 
if a reference surface can be established near the outside of the 
wheel, the difference between the level of the wheel face and the 
reference surface can be measured quite accurately. 

Fig. 4 shows an electrie strain-gage transducer for grinding- 
wheel wear measurements, designed in the author’s laboratories 
The transducer is simply a cantilever beam with strain gages 
mounted at its root and a contactor at its face end. The con- 
tactor, which is a hardened steel ball with a small flat ground 
on it, traverses both the wheel face and the reference surface, 
determining the amount of radial wheel wear by measuring the 
change in step height between the wheel face and the reference 
surface. The reference surface may be either an unused portion 
of the wheel face, a dressed-down portion of the wheel face, or 
separate surface attached to the wheel face such as the ceramic 


REFERENCE 
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Fig. 5 Crinding-wheel wear chart 
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Fig. 6 Surface grinding operation 


block used in Fig. 4. Reference surfaces other than those 
integral with the wheel face can lead to error due to thermal 
distortions or deflections in the spindle and its mounts as the 
wheel is stopped. The chart in Fig. 5 was obtained from 
the setup of Fig. 4. Here the wheel face is dressed initially and 
the ceramic reference surface is then dressed about 0.002 in. below 
the wheel face. A zero reading is taken and subsequent wear 
This method 
measures radial wheel wear to an accuracy of about 0.000020 
in. The profiling method also allows the analysis of such things 


is found by the change in step height on the chart. 


as corner breakdown and other irregularities in the wheel-wear 
pattern. 


Significance of the Type of Operation 


The type of precision grinding operation significantly affects 
the mechanism by which a grinding wheel wears. Production- 
grinding operations may be conveniently divided into two 
general classifications: Plunge grinding and traverse grinding. 
For purposes of this discussion surface grinding is considered 
as interrupted plunge grinding on a workpiece of infinite radius 
since in both cases grinding action is the same with relative 
In the 
ease of surface grinding, however, only a portion of the wheel 


motion between wheel and work in one direction only. 


face, equal to the cross feed, is working productively, see Fig. 6. 
As the wheel engages the workpiece in the case of straight 
plunge grinding the entire active surface of the wheel face is sub- 
jected to uniformly severe grinding action. Thus the entire 
wheel face is similarly engaged in the process of productive 
metal removal. It is this faetor which makes plunge grinding 
a much more efficient operation from the metal removal stand- 
point than is traverse grinding where only a portion of the wheel 
face is working productively at any given time. This is the 
reason that production-grinding operations today are 
tailored to plunge grinding which permits a higher metal-removal 
rate. Further, it is that under plunge-grinding 
conditions the grinding wheel is subjected to tangential and radial 
forces only. This effectively results in a smaller resultant force 
for equivalent chip load than is the ease in traverse grinding. This 
should allow greater chip load without fracture of the grit) and 
thus greater metal-removal rates for equivalent grinding ratios. 


most 


suggested 
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It has been demonstrated by Backer and Merchant [3], that 
the mechanism of wheel wear, for plunge grinding over a wide 
range of mechanical variables and wheel grades, can be essentially 
attritious wear only, in the case where aluminum oxide and steel 
are the abrasive work-material pair. Since under the existing 
test conditions wheel wear was mechanical in nature and the 
forces on the grits were not great enough to cause either fracture 
of the grits or bond-post rupture, it is logical that neither wheel 
grade nor mechanical variables (machine settings) would affect 
the grinding ratio. These were the actual findings; attritious 
wheel-wear rate was found to be independent of wheel grade 
and mechanical variables, and varied only with the amount of 
metal removed, as may be seen from Fig. 7. Here is shown a 
wear curve with points taken at different values of wheel speed, 
the quantity being varied. Each of the points is taken by 
removing a given volume of metal at a different grinding-wheel 
speed with the speed increasing from left to right. The fact 
that the curve presented here remains linear demonstrates the 
independence of the rate of wheel wear of this variable. Similar 
tests with other varied quantities such as wheel grade or work 
speed give similar curves. Under conditions slightly more severe, 
where fracture wear did occur, the wheel wear was found to be 
dependent upon both mechanical variables and wheel grade as 
well as upon the amount of metal removed. 

An investigation was conducted to determine the effect of 
mechanical variables on grinding ratio, power, and surface 
finish in the ecylindrical-traverse grinding operation. Results 
indicate that in such grinding operations wheel wear is essentially 
always sensitive to both mechanical variables and wheel grade. 
This is so because, due to the nature of the grinding action, 
the wheel wears by both attrition and fracture even under what 
may normally be considered mild conditions. In traverse 
grinding only a portion of the wheel face is working productively 
at any given time. This portion depends on the linear inches 
of traverse per revolution of the workpiece (overlap) and is 
usually 1/3 to 1/2 the width of the wheel face. Thus as the 
workpiece traverses relative to the wheel, grinding action occurs 
only on the advance 1/3 of the wheel face (assume overlap 
equals 1/3 width of wheel face). If the work is being recip- 
rocated, as is usually the case, similar action will oecur on the 
opposite 1/3 of the wheel face when the workpiece is traveling in 
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the opposite direction. 
however, does little productive work, its principal function being 
to size and impart fine finish to the work. 
traversed across the wheel face, material is removed along a 
helical path. This helix angle imparts a third foree component 
on the grinding wheel (in an axial direction) and therefore upon 


The central portion of the wheel face, 


As the workpiece is 


each individual active grit. While the power consumed in the 
traverse direction is small due to the relatively low traverse 
speed, the forces are known to be quite high. This axial force 
component therefore contributes considerably to the resultant 
force on the grit and therefore plays a significant part in the 
way in which the wheel wears. 


Effect of Mechanical Variables on Grinding-Wheel Action 


The extensive experimental studies previously referred to have 
yielded much information as to the effects of various mechanical 
variables on grinding ratio, power, and surface finish during 
cylindrical-traverse grinding, and have given considerable insight 
into factors affecting grinding-wheel performance and wear. 
The grinding conditions throughout the tests were as given in 
Table 1, except as specifically noted. The wheel in all cases was 
dressed with a sharp diamond at a traverse rate at 60 in. per 
min and an infeed of 0.0004 in. per pass. In order to mini- 
mize any variation in results due to possible inconsistencies in 
dressing of the wheels a control procedure was established. 


Table 1 Experimental conditions 
Grinding wheel, 2A60-J5-VN (24 & 2 x 12) 
Work speed, 75 fpm 
Wheel speed, 6000 fpm 
Traverse rate, 60 in. per min 
Work diameter, 3 in. 
Work-material and hardness, AISI 81B-45, 50 R. 
Infeed per pass, 0.0008 in. 
Grinding fluid, water base, chemical emulsion (1: 100) 


This procedure was to measure the surface finish of the workpiece 
after the initial-traverse pass across at full depth of eut following 
I:xperience has shown that if this initial 


dressing of the wheel. 
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METAL REMOVED, IN? 


Fig. 7 Grinding-wheel wear curve. Each point is obtained by removing a given volume of metal at different grinding-wheel 
speeds. The linear nature of the curve indicates the independence of the rate of wheel wear of wheel speed. 


4 


surface finish, so produced, agreed with the standard within 
+5 uw in. the influence of dressing on reproducibility of results 
was negligible. 

A typical family of grinding-wheel wear curves relating metal 
removal and wheel wear as a function of one of the mechanical 
variables (in this case peripheral work speed) is presented in 
Fig. 8. The reciprocal of the slope of each curve is the grinding 
ratio. The linearity of the wear curves is evident and is typical 
of all of the data throughout these tests. The values of grinding 
ratio obtained here are shown as a function of work speed in 
Fig. 9 and are found to decrease with increasing work speed. 
As work speed increases power also increases and surface finish 
becomes poorer. These results are due primarily to the heavier 
chip per grit accompanying the increased metal-removal rate, 

In Fig. 10, the grinding ratio is seen to increase and surface 
finish to improve with increased grinding-wheel speed. The 
increased wheel speed at a constant metal-removal rate results 
in a lighter chip per grit which tends to decrease the amount 
of fracture wear without proportionately increasing the amount of 
attritious wear, thus increasing grinding ratio. 

However, as the grinding-wheel speed exceeds 7000 fpm, the 
grinding temperature becomes sufficiently high so that attritious 
wear increases considerably and grinding ratio falls off. The 
rapid increase in wear above 7000 fpm may also be due to chemi- 
cal wear, as discussed later. The direct relationship between 
wheel speed, grinding ratio, and surface finish is immediately 
apparent from the similarity in the shape of the curves. 

Power was found to increase with increased grinding-wheel 
speed up to 5000 fpm. At this speed (and resultant chip per 
grit) the rate of increase in power diminishes and eventually 
levels off, probably due to the decreased chip-grit friction known 
to exist at higher grinding speeds. 

As traverse rate increases, the width of active wheels face 
(or overlap) increases and thus the metal removal rate also 
increases. This results in a linear increase in power, as shown 
in Fig. 11, but at a rate less than the rate of increase in traverse 
rate. This is as expected, since less wheel face remains for 
sizing and producing finish on the workpiece. The finish is there- 
fore correspondingly poorer. Grinding ratio is found to de- 
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Fig. 8 Family of grinding-wheel wear curves indicating their typical linear nature 
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Fig. 9 Influence of work speed on grinding ratio, power, and surface finish 
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Fig. 10 Influence of grinding-wheel speed on grinding ratio, power, and surface finish 
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crease with increased traverse rate due primarily to the additional 
load on the grit accompanying the increase in helix angle. 

In the foregoing tests, work-material hardness was found 
to have little effect on either power or surface finish. As indicated 
in Fig. 12, as the work-material hardness increases, grinding 
ratio first increases and then falls off. This indicates the neces- 
sity for proper grading of the wheel to suit the work-material 
hardness. 
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Influence of workpiece diameter on grinding ratio, power, and surface finish 


The small effect of hardness on power, as indicated here, has 
also been noted by other investigators [4] for chips of very small 
cross section, such as encountered in grinding. 

Results presented in Fig. 13 indicate that an increase in work- 
piece diameter results in higher grinding ratios due to the dif- 
ference in the nature of grit contact and chip formation, and 
to the decrease in helix angle of the grinding path which reduces 
the side foree component on the grit. As work diameter in- 


Transactions of the ASME 


40 200 \ 
ie VA POWER 
Wis j 
| | 
| 
| 
| 
| | | 
j 
| | | 
| 
| | 
i 
——— 4 
# | | 
| | POWER | 
ar 
‘ 


0008 


0012 


INFEED-IN. 


Fig. 14 


Influence of infeed per traverse pass on grinding ratio, power, and surface finish 
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creases, the chips become thinner and longer, reducing grit load 
which minimizes fracture wear. Surface finish is not affected 
significantly, while power increases only slightly. 

Increased infeed per traverse pass results in a proportionate 
increase in metal-removal rate and a heavier chip per grit. As 
shown in Fig. 14, this results in increased power and poorer 
surface finish. In this particular case, grinding ratio at first 
decreases with increased infeed, but then unexpectedly increases 
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Influence of grinding fluid concentration on grinding ratio, power, and surface finish 


again. This increase in grinding ratio at the higher infeed 
values did not follow the usual trend of continued decrease 
exhibited by wheels of grades which bracket this wheel. There 
is no ready explanation of this effect, although it was found to 
be reproducible. 

As shown in Fig. 15, an increase of grinding-fluid concentration 
resulted in a considerable improvement in grinding ratio, up 


to a concentration of about two per cent, in this case. However, 
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Fig. 17 Summary of the effect of various mechanical variables on grinding ratio, power, and surface finish 


increasing the concentration beyond one per cent had little effect 
on power and surface finish. 

The family of curves plotted in Fig. 16 indicates that power 
increases with both metal-removal rate, as shown previously, 
and with the amount of metal removed. This is probably 
due to the individual grits in the wheel becoming dull, from 
attritious wear, which enlarges the flat areas and renders the grits 
less efficient as cutting tools. 

From the experimental findings presented in the foregoing 
figures it is possible to draw several general conclusions. The 
grinding ratio is found to decrease with increased metal-removal 
rate; to increase with workpiece diameter, that is, decreased 
helix angle; to increase with decreased chip load at a given 
metal-removal rate, that is, increased helix angle; to increase 
with decreased chip load at a given metal-removal rate, that 
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is, increased wheel speed; and to increase with increased con- 
centration of the grinding fluid. Power is found to increase 
not only, as expected, with metal-removal rate, but also with 
the amount of metal removed after truing. It increases slightly 
with workpiece diameter, and is affected little by work-material 
hardness. Surface finish improves with decreased metal-re- 
moval rate and with decreased chip load at the same metal- 
removal rate, that is, with increased wheel speed. It also is 
affected little by work diameter or work-material hardness. 
These data are summarized in Fig. 17. 


Chemical Wear 


Chemical reactions between the abrasive grit and the work 
material do occur in the grinding process, and often can be the 
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Fig. 18 Influence of wheel speed and work speed on grinding ratio when 
grinding titanium 


cause of a large part of the total wear; however, this is not so 
when grinding steel with an aluminum-oxide wheel. In this 
case, the effect of the mechanical variables on grinding-wheel 
wear may be adequately explained in terms of attritious and 
fracture wear alone. 

Chemical reactions between grit and work account for the 
major difficulties in the grinding of titanium; it was not until 
the nature of the wear phenomena here was understood that 
reasonable grinding of titanium was achieved through the de- 
velopment of effective combinations of fluids and wheels. 

Fig. 18 indicates the very marked effect of grinding-wheel 
speed on grinding ratio in the case of titanium, as found in 
the course of extensive investigation on the grinding of this 
metal [5]. Here, asin the grinding of steel, the grinding ratio 
increases with increased wheel speed, but in this case only to a 
value of 5000 sfm, at which point performance drops off sharply 
due to the inability of even the specially developed grinding 
fluid to protect the grits from being chemically attacked by 
the titanium metal at the grinding temperatures reached at 
speeds above 5000 sfm. However, this is actually a very high 
wheel speed for titanium grinding. With conventional grinding 
fluids it is necessary to reduce the wheel speed to about 2000 sim 
in order to get reasonable performance. In the case of steel, 
the grinding ratio continued to increase well beyond conventional 
grinding-wheel speeds, since the wear was primarily mechanical 
in nature. 


Fundamental Research on the Mechanics of Wheel Wear 


A thorough understanding of the grinding process could never 
be achieved without much research of a fundamental nature into 
the understanding of such things as grinding forces and chip 
formation. Much research has already been done in this area 
and brief mention will be made here of several of these phases 
{1, 3]. 

In order to measure forces in grinding and to be able to re- 
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Fig. 20 Typical force recordings using grinding dynamometer 
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solve these forces into individual components, a strain-gage- 
type cylindrical-grinding dynamometer was designed and built. 
With this dynamometer it has been possible to measure 
individual force components in the cylindrical-plunge-grinding 
operation and to obtain information concerning grinding-force 
relationships, specific energy, and so forth, and to determine 
the effect of numerous variables on these fundamental quantities. 

Fig. 19 shows the dynamometer mounted on the work head 
of a eylindrical grinder. The electrical connections are made 
by bringing the leads through the hollow headstock spindle to a 
set of slip rings in the back of the spindle and then into an am- 
plifier-recorder where the tangential and resultant forees are 
measured. Fig. 20 shows a chart obtained during a typical 
cut with the grinding dynamometer. The resultant force acts 
sinusoidally on its sensing element because of the workpiece 
rotation. The workpiece rotational speed can be thought of 
as a carrier for the force signal. 


Fig. 21 View of quick-stop grinding apparatus 


A technique for studying chip formation in grinding was 
needed to supplement the studies made with the grinding dyna- 
mometer. Such a technique has been developed in the research 
laboratories of the author’s company, making possible the study 
of grinding chips during the process of formation. This was 
’ accelerating the workpiece 
to the speed of the grinding wheel, thus freezing the grinding 
action, 

The test apparatus is presented in Fig. 21. It consists es- 
sentially of four components: (a) The wheel mount, which 
supports the grinding-wheel segment, the spring fingers 
which pick up the workpiece, and the latch and trip mechanisms 
which operate the spring fingers; (6) the trip plunger which trig- 
gers the mechanism at the desired moment; (c) the retractable 
workpiece holder which supports the specially designed work- 
piece during grinding; (d) the special variable-infeed drive 
unit (not shown in Fig. 21) which makes possible a wide range 
of positive-infeed rates. 


accomplished by “instantaneously’ 


The theory of operation of the apparatus is as follows: Initially, 
the spring fingers are retracted and latched below the outer 
surface of the grinding-wheel segment to permit grinding. The 
workpiece is placed in the work holder and the infeed mecha- 
nism started. At the desired instant during grinding the 
mechanism is triggered, permitting the spring fingers to pick the 
workpiece out of the work holder 3/4 of a revolution later, 
The workpiece is almost instantaneously accelerated to grinding- 
wheel speed and is held against the wheel segment by the spring 
fingers and revolved with it until the wheel mount is stopped. 
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Fig. 22 Partially formed grinding chips frozen in the process of formation 
by the quick-stop technique 


At the instant the workpiece is snatched from the fixture, the 
latter retracts so as to be out of the way of the revolving as- 
sembly. After accelerating the workpiece from rest up to the 
grinding-wheel speed almost instantaneously, and obtaining grind- 
ing chips in the process of formation, the next problem is the re- 
moval of the workpiece without breaking off the minute partially 
formed chips. This is done by providing another position on the 
latch which will permit the spring-finger arms to move out 
further, allowing the newly ground surface to be pushed away 
from the grinding-wheel segment. 

The ground surfaces obtained by this technique show many 
partially formed chips. A typical example is shown in Fig. 
22. The grinding chips of interest are oriented with respect 
to a reference point, and the grinding specimen is then mounted 
and sectioned to permit a study of the desired section through 
the chip-work contact area. 

Recent investigations have been made with this apparatus 
adapted to the use of a single grinding grit of a definite preshaped 
geometry which permits the evaluation of the. effect of grit 
geometry on chip formation. 

Another technique has been developed here where a single 
selected grit on a sharply dressed corner of a grinding wheel is 
used to produce a single scratch in a highly polished specimen. 
The specimen is then sectioned to produce a cross section of the 


TEST SPECIMEN 


Fig. 23 A composite showing the relationship between the cross section 
of the grinding grit and that of the contour of the path of the grit through 
the test specimen 


scratch, which is actually the shape of the undeformed chip 
cross section. A technique has been developed where first a 
negative and then a positive replica of the grinding grit may be 
made and later sectioned to give the actual cross section of the 
grit which produced the scratch. A composite of the scratch and 
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grit cross sections are shown in Fig. 23. A comparison here 
yields data useful in the study of the relationship between the 
shape of the grit and that of the undeformed chip. 

Continuing investigations of this nature will yield much 
additional information necessary to the formulation of sound 
theories explaining further the nature of grinding action and 
grinding-wheel wear. 


Summary 


The nature of grinding-wheel wear has been discussed, and 
factors affecting it have been pointed out in an effort to develop 
an understanding of the process based on knowledge achieved 
through extensive research within this field to date at The Cin- 
cinnati Milling Machine Company. The continuing applied 
and fundamental research in this area will bring us to an even 
higher level of understanding, which will enable us to develop 
further a comprehensive and sound set of physical principles 
describing the process by which grinding wheels wear, and the 
factors which may be controlled to achieve minimum grinding 
cost. 


Acknowledgment 


The author wishes to express his appreciation to Dr. M. E. 
Merchant, Director of Physical Research, for his assistance and 
guidance in planning and carrying out this research. Thanks are 
also due Mr. C. Mehl, Senior Research Engineer, and Messrs. 
P. Bruns and W. B. Perkins, co-op students whose research efforts 
brought about the development of certain of the research tech- 
niques presented. Further, thanks are due Mr. J. Hawlik, 
Research Engineer, and Miss H. Conner for their assistance in 
preparation of the figures and manuscript. 


References 


1 W. R. Backer and FE. J. Krabacher, ‘‘New Techniques in 
Metal-Cutting Research,” Trans. ASME, vol. 78, 1956, pp. 1497- 
1505. 

2 L. P. Tarasov, ‘‘How to Grind Titanium,” American Machinist, 
vol. 96, November 109, 1952, pp. 135-146. 

3 W.R. Backer and M. E. Merchant, ‘‘On the Basic Mechanics 
of the Grinding Process,’’ Trans. ASME, vol. 80, 1958, pp. 141-148. 

4 W. R. Backer, E. R. Marshall, and M. C. Shaw, ‘“‘The Size 
Effect in Metal Cutting,” Trans. ASME, vol. 74, 1952, pp. 61-72. 

5 FE. J. Krabacher, ‘Fluids for the Grinding of Titanium,” Lubri- 
cation Engineering, vol. 11, 1955, pp. 397-401. 


DISCUSSION 
i. B. Patterson? 


The author mentions three classes of wheel wear; namely, grit 
fracture, attrition, and chemical wear. It seems that the separa- 
tion of attrition and chemical wear is a very difficult one to make. 
To simplify matters, why not include all wear of a frictional 
nature in one class? Thus the total wheel wear would be made 
up of fracture and friction wear. Frictional wear is complex, 
being the result of several processes occurring simultaneously. 

The statement that chemical reactions between abrasive and 
work do not make up a large part of the total wear when grinding 
steel with aluminum-oxide appears somewhat 
Frictional-wear properties of the various types of aluminum- 
oxide abrasive cover a wide range when used to grind steel. The 
differences in wear are due to differences in the impurity content 
of the aluminum oxide. It is true that the increased frictional- 
type wear that is noted with some of the tough abrasives may not 
be due to direct. chemical reaction with the steel. However, the 


misleading. 


2 Research Engineer, Bryant Chucking Grinder Company, Spring- 
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substances other than steel and aluminum oxide that are intro- 
duced as impurities do have a large effect and would have to be 
considered in any complete analysis of the wear process. 

The fact that work hardness has little effect on the power re- 
quired is again illustrated. In noting this it is easy to conclude 
(wrongly) that hardness has practically no effect on the grinding 
process. The tangential-force component (and hence the power) 
may remain about the same but there are large changes in the 
normal force component due to hardness. In other words the 
harder the work, the more force required to cause the abrasive 
grains to penetrate. The resultant force, and therefore wear by 
grain fracture, will increase with increasing work hardness. This 
is evident in Fig. 12, where grinding ratio rapidly decreases with 
increasing hardness. 

The quick-stop mechanism appears to be a useful tool for study- 
ing the action of a grinding wheel. Another method of “‘freezing’’ 
grinding action is to use a single grit, lightly bonded to the pe- 
riphery of a grinding wheel. At each revolution of the wheel the 
grit takes a cut. If the depth of cut is increased sufficiently, 
bond failure occurs releasing the grit while it is in the cut and 
leaving a partially formed chip attached to the work. This 
method has proved successful in studying chip formation, plastic 
flow, and abrasive wear. 


L. P. Tarasov® 


This paper is one of the few that deal with the effects of im- 
portant grinding conditions in cylindrical traverse grinding 
operations. Most of the results are explained satisfactorily in 
terms of current grinding theory, but some points call for further 
consideration. 

The rapid increase in wheel wear beyond the linear portion of 
the curve in Fig. 3 is attributed to large-scale fracture wear. It 
is not readily apparent. whether fracture wear is considered by 
the author to play an important part throughout the time that 
the wheel wears at a constant rate, or just when it begins to 
break down rapidly. 

This curve is similar to that for a cutting tool, and the question 
arises as to whether it applies to grinding operations in general 
or only within a certain range of conditions. 
upward when a wheel becomes badly glazed because it is too hard 
for the operation? Does any substantial change occur in the 
wear rate when the wheel is either self-dressing or else too soft? 
Any data that the author might be able to provide along these 
lines would be of interest. 

The axial-force component is stated to be quite high in trav- 
erse cylindrical grinding. 
since an individual grit cuts out a chip that is almost exactly per- 
pendicular to the axis as a result of the high ratio of wheel to work 
speed. 


Does the curve turn 


It is not clear why this should be so 


While it is in contact with the work, a grit moves perhaps 
50 to 100 times as far in the circumferential as in the axial diree- 
tion. Since the geometry of a grit is completely irregular, why 
should there be any significant axial-foree component just because 
the chip cut out is not exactly perpendicular to the work axis? 
The kind of steel that was ground is not stated, but from the 
grinding ratios obtained it would appear that a medium or high- 
The author found the 
grinding ratio to increase to a maximum and then to decrease as 
the hardness of the steel went up from Rockwell C15 to C50. In 
a surface-grinding test performed on an oil-hardening tool steel 
having presumably the same general grinding characteristics, the 
writer found a continuous decrease in grinding ratio as the hard- 
ness of the steel was increased from C20 to C60, the grinding 
ratio being approximately twice as great for the former as for the 


carbon, low-alloy steel was involved. 


latter. In a similar test with a high-vanadium, high-speed steel, 
3 Research and 
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AISI Type T-15, whose grindability is extremely low in the 
hardened condition, the grinding ratio also decreased continu- 
ously with increased hardness, but the change was far more pro- 
nounced, the grinding ratio being about 25 times greater at Rock- 
well C20 than at C65. Thus the effect of the hardness of the work 
material depends both on the material and on the grinding 
operation. 

It is stated that the grinding ratio increased with decreased 
chip load at a given metal-removal rate, when the helix angle was 
increased, but it is not clear upon what experimental results this 
is based. 

The type of wheel used in obtaining the titanium grinding 
curves in Fig. 18 is not mentioned but presumably the abrasive 
was silicon carbide in view of the rather high optimum wheel 
speed. 

Attritious wear appears to be partly chemical in nature, as 
indicated by point-endurance tests performed on a variety of work 
materials including steels. It is undoubtedly also partly mechani- 
cal in nature. Thus it does not seem desirable to set up attritious 
wear as being distinct from chemical wear. 


D. R. Walker‘ 


The author is to be congratulated on his comprehensive report 
of the factors influencing wheel wear in traverse grinding opera- 
tions. Work such as this, combined with studies of the factors 
affecting work damage and surface finish, should lead to im- 
portant improvements in grinding operations. 

Fig. 15 shows the effect of grinding-fluid richness upon grinding 
ratio, power, and surface finish. It would be interesting to learn 
if the author has obtained similar data when grinding is done dry 
and air is the only grinding fluid. Measurements often show that 
the presence of water as a grinding fluid or even in humid air 
can inerease grinding forces over those obtained in dry grind- 
ing. Wheel wear is also often observed to be higher when 
grinding in the presence of water than in air because of the higher 
grinding forces and because of the weakening effect of water on 
the glass-bond posts of a vitrified wheel. 

The family of power versus metal-removal-rate curves shown 
in’ Fig. 16 would appear to intersect the abscissa at a positive 
metal-removal rate if extrapolated toward the origin. They 
imply that material could be removed at a low rate with no power. 
The curves are thus dissimilar to those obtained for surface grind- 
ing by Marshall and Shaw.® <A considerable change in slope 
would be required to make the curves pass through or to the left 
of the origin. 

The technique of using a single grit to produce single scratches 
on polished workpieces is an interesting approach to the observa- 
tion of the grinding process and one which has been used to study 
the mechanism of abrasive wear. The depth of cut in finish-type 
grinding has been estimated to be LO°-* to 10~4 in.‘ and is thus 
ouly 1/100 or Jess of the size of a 60-grit grain. Although no 


4Avco Research and Advanced Development Division, Wilming- 
ton, Mass. 

$f. R. Marshall and M. C. Shaw, ‘‘Forces in Dry Surface Grind- 
ing,’ Trans. ASME, vol. 74, 1952, pp. 51-59. 
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magnification is noted for the insert of Fig. 23, it would appear 
from this figure that a considerably larger portion of the grit was 
used in producing scratches in the author’s experiments. Care 


must then be used in relating such results to the actual grinding 
process. 


Author’s Closure 


The author wishes to thank Mr. H. B. Patterson, Dr. L.AP. 
Tarasov, and Mr. D. R. Walker for the interest they have shown 
in this paper and for their valuable comments. 

The author agrees with Mr. Patterson and Dr. Tarasov that 
attritious wear is comprised of both frictional (mechanical) 
wear and chemical wear. As was indicated under the discussion 
of the nature of wheel wear, two general types of wear are rec- 
ognized, ‘“attritious wear’ and “fracture wear.” Under the 
discussion of chemical wear it was desired to point out that the 
chemical aspect of attritious wear can, under certain conditions, 
play a major role in wheel wear. The author agrees further 
that, in his statement that chemical wear does not play a major 
part in wheel wear when grinding steel with an aluminum-oxide 
whee), it would have been more correct to state that: “In this 
case, the effect of the mechanical variables on grinding-wheel 
wear may be adequately explained in terms of friction and frac- 
ture wear alone.” 

The linear portion of the grinding wheel wear curve of Fig. 3 
is typical of the nature of grinding wheel wear in general. The 
rapid increase in wheel wear rate beyond the linear portion of 
the curve occurs when conditions become such that the amount 
of fracture wear including bond post rupture increases sharply. 
This does not mean that fracture wear does not occur along 
the linear portion of the curve. Under conditions where a 
wheel is self dressing considerable fracture wear occurs along 
the linear portion of the wear curve. Here, however, the wheel re- 
‘mains sharp and free cutting so that usually no sharp rise in 
wheel rate is noted. 

The axial force component in cylindrical traverse grinding 
ean be quite high even though the individual grit cuts a chip 
almost exactly perpendicular to the axis of the work. This 
axial force may be considered equivalent to the axial feeding 
force in a turning operation. True, the power consumed is 
very small because the velocity of axial motion is low, but the 
force can be a very significant fraction of the tangential force 
depending on the prevailing conditions in the cut. 

All grinding during this investigation was carried out with 
grinding fluids. No comparison can therefore be made with 
conditions of dry cutting where air is the only grinding fluid. 

The author believes that the family of power versus metal- 
removal curves shown in Fig. 16 must pass through the origin. 
With the exception of the lone point for 0.075 cu in. per minute 
metal removal rate at 2 cu in. of metal removed this would 
appear to be the case. Perhaps the curves should have been 
so drawn. 

The fragment of grit shown in the insert of Fig. 23 is only a 
small corner of a greatly cropped No. 60 grit. The depth of 
the scratch is approximately 0.0002 inch. 
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Vibrations of Flexible Precision 
Grinding Spindles 


The effects of pulsating forces between grinding wheel and workpiece are discussed 
in connection with inhomogeneous wheel wear and loading. 


By analysis it 1s shown 


that pulsating normal forces may be caused by rotary damping and gyroscopic effects. 
The influence of skew-symmetric rigidity in the spindle is also discussed and the 


1 Introduction 


HE PROBLEM of grinding chatter has plagued pre- 
cision-grinding operations for many years. In general, these vibra- 
tions between the grinding wheel and workpiece have a detri- 
mental effect. Not only do they leave the workpiece with an 
untrue surface but they also may cause a reduced grinding rate. 

The analysis presented here, although derived with flexible 
internal grinding spindles in mind, may be applied also to other 
flexible grinding spindles and the section on the forced vibrations 
of shafts with skew-symmetric rigidities is applicable to shafts sup- 
ported by three or more bearings, one of which is misaligned with 
respect to the remainder, thereby setting up radial loads. 

The objective of the work to follow is to determine the stability 
characteristics of the system composed of the grinding spindle 
and wheel and the workpiece, i.e., to determine whether small 
transient vibrations, which may be randomly impressed on the 
system, tend to grow and increase in magnitude as grinding pro- 
ceeds or whether they are damped out and disappear. 


2 Force Pulsations Between Wheel and Work 


Contributed by the Production Engineering Division and presented 
at a joint session with the Machine Design and Applied Mechanics 
Divisions at the Annual Meeting, New York, N. Y., November 30- 
December 5, 1958, of THe AMERICAN SocieTy OF MECHANICAL EN- 
GINEERS. 


Nore: Statements and opinions advanced in papers are to be 


understood as individual expressions of their authors and not those 
of the Society. 
August 4, 1958. 


Manuscript received at ASME 


Paper No. 58—A-97. 
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Nomenclature 


occurrence of subharmonic resonances is pointed out. 


vibrations build up more or less gradually as the grinding process 


proceeds. In internal grinding these vibrations are often the 
result of initially small pulsating forces between wheel and work. 
These small pulsating forces are sometimes caused by vibrations 
of the structure holding the grinding spindle. In Fig. 1, for ex- 
ample, it was found that the wheelhead body B was vibrating 
near its natural frequency as a result of the belt drive, so as to 
cause force pulsations in the y-direction between wheel and work. 
In a short time these force pulsations caused an uneven wear of 
the wheel which then caused greater vibrations to occur. Fig. 2 
illustrates the nonhomogeneous wear of the wheel as evidenced by 
the blue horizontal lines on the wheel which were produced by 
running the used wheel in close proximity to the workpiece upon 
which a film of prussian blue had been smeared. The frequency 
of vibration corresponding to these blue lines was approximately 
700 eps and essentially the natural frequency of the wheelhead 
body. After bracing the wheelhead body to prevent the 700 eps 
mode, the test was re-run and the resulting inhomogeneous wheel 


B 


Fig. 1 Arrangement of grinding wheel and workpiece 


the equivalent lumped mass of 
wheel and spindle aie 
w = rotary spindle speed 
= static unbalance in wheel 
Cy ¢, = damping strengths in the (ro- ‘ 
tating) u-v system = = a,’ 
k,, k, = spring constants in the (rotat- a 
ing) u-v system 
C,, C, = damping strengths in the sta- m 
tionary system 
K,, = wheel-work spring constant m ; 
K,,6 = steady-state normal grinding 
force 
f = “friction coefficient’? between 


wheel and work 
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In precision-grinding operations it sometimes happens that 3 eacins 
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Fig. 2. Photograph showing inhomogeneous wheel wear occurring at 
approximately the wheelhead body natural frequency (700 cps) 


wear pattern is shown in Fig. 38. The body mode is no longer 
observable but instead there is a high-frequency spindle mode of 
approximately 3200 eps which corresponds to about 11 blue lines 
on the wheel. This mode was studied by pressing the wheel 
against the workpiece and tapping the spindle lightly while 
holding a vibration pickup on the spindle. In this way it was 
found that the vibration was essentially in the z-direction in Fig. 
1. Vibration in the y-direction is greatly inhibited due to the 
high normal rigidity between wheel and work. It is apparent 
that the tangential constraint of the workpiece against the wheel 
is much less than the normal constraint and therefore tangential 
vibrations are more likely to oceur. It will be shown later that vi- 
brations in the tangential direction produce, essentially, force 
pulsations in the y-direction. 

Additional observations have been made on wheels that have 
chattered in connection with loading. Not only do wheels, grind- 
ing under pulsating forces, tend to wear inhomogeneously as il- 
lustrated in Figs. 2 and 3, but loading, i.e., the packing of metal 
chips on and in crevasses between the grits, also occurs in an in- 
homogeneous manner as may be demonstrated by holding an 
electromagnetic velocity-type vibration pickup in close proximity 
to the high-speed moving surface of the wheel. The fluctuations 
in density of loaded metal in the wheel generate induced voltages 
in the pickup and in this way it has been found that the frequency 
corresponding to the loaded zones agrees with the vibration fre- 
quency during chatter. Oscillographic recordings of the induced 
voltages generated by the loaded zones (‘Load-o-grams’’) have 
heen made. Fig 4 shows a typical set of Load-o-grams showing 
the increase in inhomogeneous loading. The upper trace is the 
Load-o-gram while the lower trace registers the spindle orienta- 


tion by the small “pip.” 


Fig. 4(a) is a recording of a new clean 
wheel. Hach successive picture shows the condition of the wheel 
at 2-second intervals during a grinding test. It may be noted 
that the loading pattern, once formed, stays relatively fixed and 
does not drift cireumferentially around the wheel. 

It: shoyld be remarked that the wheels tested barely show any 


evidence of visual loading and, judged by ordinary standards, 
would not be said to be loaded. 


In view of the foregoing it is reasonable to conclude that pulsat- 
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Fig. 3. Photograph showing inhomogeneous wheel wear occurring 
approximately the natural frequency of the coupled wheel-work syst 


in the z-direction 


Fig. 4 Oscillograms showing inh 


Ai, 


wheel. Each successive snapshot wa 
tervals, starting from a new wheel. 


g g of the grinding 
s taken after 2-sec grinding in- 


Transactions of the ASME 


‘ 


ing normal forces, existing between wheel and work, tend to 
produce inhomogeneous wheel wear dominating with soft wheels 
and the inhomogeneous loading dominating with harder wheels. 
Because of the repeated revolutions of the wheel, this inhomo- 
geneous wear and loading of the wheel can have a regenerative 
effect which causes the vibration to gradually grow stronger. 


3 The Spindle-Wheel-Work System 


In order to study further into the origin of pulsating forces be- 
tween wheel and work the differential equations of motion of a 
flexible, rotating, and simultaneously vibrating spindle which is 
being pressed against a spring K,,, as shown in Fig. 5, will be de- 
veloped. The wheel-work contact is assumed to be representable 
by a linear spring (for very small oscillations) whose spring con- 
stant in practice is very large. A tangential force is also taken at 
the wheel-work contact which is equal to the product of a constant 
of proportionality f and normal force. Damping forces and elastic 
restoring forces in the rotating spindle will be considered as well 
as nonrotating damping and restoring forces. Furthermore, the 
rigidities and constants in the rotating spindle need not be the 
same about all transverse axes of the spindle. In other words, 
the spindle rigidity and damping need not be axisymmetric. 
Such things as keyways, flats, out-of-round inner ball-bearing 
races, and out-of-round tapered socket joints may cause un- 
symmetrical rigidities and damping constants to occur. The 
gyroscopic moments on the wheel will be neglected for the time 
being but will be treated later in a simplified manner. 

Two sets of co-ordinates are used in setting up the differential 
equations as shown in Fig. 6, the u-v set rotating with the spindle. 
In writing the dynamical equations in terms of the rotating set it 
is of course necessary to introduce the Coriolis and centrifugal 
force terms. The equations of motion are: 


J 


Fig. 5 Illustration of the wheel-work-spindle system 


3 ae 


Fig. 6 Fixed and rotating co-ordinate system 
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mi — 2mwv — mwtu + cy + kyu 
+ Cyy cos wt + CZ sin wt — K,(d — y) cos wt 
— fkK,(6 — y) sinwt = pw* cos d 


(1) 


mv + 2mwu — + cv + | 
— Cy sin wt + CZ cos wt + K,(6 — y) sin wt | 
— — y) cos wt = pw? } 


Referring all terms to the stationary co-ordinates y, z by the 
co-ordinate transformation 


u = ycosat + zsin wl ] 
(2) 
—y sin wt + z cos wt 


v= 
and simplifying, leads to 


+ by + cos wt — (a;'w — fv*)y sin wt + cos wt 
+ Q)2y cos wt + [2 + bee + Q)2] sin wt 
+ a;’wz cos wi + ay,’2 sin wi 
= hcos @ + v*6(cos wt + fsinwt) (3) 
—([y + by + sin wt — — v*f)y cos wt — sin wt 
— sin wt + [2 + bo + cos wt 
— ay'wz sin wl + cos wt 
= hsin @ — v*6{sin wt — feoswt) (4) 
Multiplyifig Equation (3) by sin wt, Equation (4) by cos wl, and 
adding, gives Equation (5). Multiplying Equation (3) by cos 
wt, Equation (4) by sin wf, and substracting gives Equation (6) 


2+ (bo + a,’ — @ cos? wt)z 


aw 
+- (2° — K cos? wl + > sin dat): 


= (on — wa cos? wt — fv? — -> sin dat) 9 — 5 sin 2wty 


+hsin (wt + + (5) 
G+ (bh) + ay’ — wt)y 


wa, 
+ (2: + v2? — Ksin? wt — 3 sin 241) y= 


K P 
- (on — wa sin? wt + 2 sin 2) z- 2 sin 2wt 2 


+h cos (wt + + (6) 


These equations, with various simplifying assumptions, will be 
used in what follows. 


4 Damping Induced Force Pulsations 


Since the grinding wheel shown in Fig. 1 is readily able to 
execute tangential vibrations, one may suppose a small transient 
damped tangential vibration to oceur occasionally during the 
grinding process. It will be shown that such a vibration will pro- 
duce a pulsating normal force between wheel and work by virtue 
of the damping in the rotating system. 

After setting kK = a = h = O(for the present) in Equations (5) 
and (6) and shifting the origin to eliminate the constant terms by 
setting 


there results 
& + (bs + + QC = (war’ — (7) 
E + (by + + + = (8) 


from which it is seen that motions in the y and 2z-directions are 
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coupled by the rotary damping. A given vibratory motion in the 
tangential direction ({) is seen to produce a pulsating force in 
the normal direction (€) represented by the term wa,’¢. 

The possibility of self-excited vibrations in the system repre- 
sented by Equations (7) and (8) can be investigated by making 
the substitution: ; 


¢ = Ae™ + 


= Ce" + De™ 


and demanding that the coefficients of e”‘ and e~”' vanish in both 
equations. In this way a set of four homogeneous simulta- 
neous equations are obtained which then lead to a characteristic 
equation of essentially fourth order. The Routh-Hurwitz criterion 
[1]! applied to this characteristic equation, assuming small damp- 
ing, gives the only essential condition to be fulfilled for stability as 


(wa,’)*(fv? — way’)? < (G4? + v?)Q, 4+ v2)? (9) 


When v = 0, this condition, after replacing a,’ by its equivalent 
in terms of the logarithmic decrement 6, yields 


< : (10) 


which shows that, for the usual small values of 6 found in ball- 
bearing spindles (6 < 0.5), instability directly due to rotary 
damping occurs at speeds well over the critical speed. This is in 
agreement with work done on a similar system by Smith [2]. 
As v increases in value the speed at which rotary damping-induced 
instability occurs is raised even higher. Consequently, in grinding 
practice, with speeds below the critical speed, instability due 
directly to rotary damping does not occur. However, self-excited 
vibrations may develop, through the regenerative effect of in- 
homogeneous wheel wear or loading on the wheel, which in turn 
may be caused by rotary damping induced normal force pulsa- 
tions. 


5 Gyroscopically Induced Force Pulsations 


Pulsations in the normal force on a grinding wheel may be pro- 
duced by gyroscopic moments in addition to those produced by 
rotary damping. 

A complete analytical treatment, involving two differential 
equations for the two angular co-ordinates and Equations (5) and 
(6) for the displacements of the wheel center, will not be at- 
tempted here. However, an approximate simplified treatment will 
suffice to illustrate the cause of gyroscopically induced force 
pulsations between wheel and work. 

It will be supposed again that the work constrains the wheel to 
vibrate essentially in the tangential direction as shown in Fig. 7, 
and also that the wheel can be represented as a thin disk on the 
end of a cantilever beam (admittedly a rough approximation). A 
tangent drawn from the wheel will intersect the spin axis at point 
O which forms the origin for a set of three vectors, the spin vector 
@, the precession vector Q, and the moment vector M. As the 
wheel vibrates tangentially to the work, the precession veetor Q 
reverses its direction and its magnitude varies sinusoidally. 
The moment veetor M will have its largest value when Q is 
largest. From the theory of tht simple gyroscope 


(11) 
If the wheel is vibrating tangentially 
1 dz 
= — — (12 
| a dt 


and since the pulsating moment M = AF,a, the pulsating normal 
force AF,, is 


' Numbers in brackets designate References at end of paper. 
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Fig. 7 Illustration showing gyroscopically produced normal force 
pulsations due to tangential vibrations 


and the pulsating tangential force is 
AF, = (14) 

a 


where f is the “coefficient of friction.’’ It may be seen from Fig. 7 
that an upward movement of the wheel causes a reduction or un- 
loading of F,, and F, and on the downward stroke an increase in 
F, and F,. If the wheel encounters a diminishing force, — AF,, 
as it moves up and an increasing force, +AF,, as it moves down, 
it is clear that the possibility of self-excited vibration exists. 
Consequently, since AF, is proportional to the velocity and acts 
in the same direction as the velocity, the following differential 
equation, for the tangential motion alone, results 


d?z Jfw| dz 
Ke = 0 15) 
and the system is stable as long as 
<¢ (16 
a? 


where c is the total effective damping. It can be seen from in- 
equality (16) that high speeds and low damping encourage in- 
stability. Furthermore, higher modes of vibration, yielding 
smaller values of a may become unstable. 

Assuming condition (16) to be satisfied, it is clear that, even 
though the system is stable in regard to direct gyroscopic action, 
tangential vibrations will produce force pulsations between wheel 
and work which, as before, through a regenerative effect involving 
wheel wear or inhomogeneous loading or dulling, may lead to a 
build-up of vibration. 

If the wheel is vibrating tangentially to the workpiece at fre- 
quency p, the gyroscopic force pulsation is in phase with the 
velocity and rotary damping-induced force pulsation is in phase 
with the displacement. Consequently the total force pulsation 
can be expressed in the form 


AF = (Fj? + F,2) sin (pt + ¢) (17) 


where F, and F,, are the force pulsations due to rotary damping 
and gyroscopic moment respectively. 


6 Effect of Unsymmetrical Spindle Rigidities 


In addition to these effects, the question naturally arises as to 
what effect small differences in rigidity of the spindle have and 
whether or not instabilities can occur as a result of this rigidity 
variation. In Equations (5) and (6), k represents the difference 
in rigidity about two mutually perpendicular principal axes. 
For the present, assume all damping constants to vanish (a,’ = 
b} = bb = a = 0) and @ = 0. Then Equations (5) and (6) be- 
come, after introducing tT = wt and using the symbols defined in 
the nomenclature, : 
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+ (a; — 2q cos 2r)z 


fv? P 
- 24 sin 2r) y+gsine + Kf (18) 


d?y 
dr? + (a2 + 2q cos 27)y = —2qgsin2rz+gcost+K (19) 
In these equations the terms K and Kf represent the normal and 
tangential grinding forces and the terms involving g represent the 
unbalance. If the dimensionless rigidity difference qg is small 
compared to K and g, one of the coupling terms may be neglected 
and there results 


2 
dr? + (a, — 2q cos = sin + Kf (20) 


2. 
+ (a2 + 2g cos 2r)y = g cost + (21) 
which form a pair of inhomogeneous Mathieu equations. 

The problem of forced vibrations in systems yielding an in- 
homogeneous Mathieu equation has been treated by Kotowski [3], 
whose results will be applied here to discuss the nature of the 
solutions of Equations (20) and (21). 

Since Equations (20) and (21) are linear differential equations 
with periodic coefficients they possess solutions of the form 


where y, is the general solution of the reduced equation and y, is 
a particular solution depending on the forcing function. Also, if 
the forcing function consists of two or more frequencies as Equa- 
tions (20) and (21) do, the constant term being essential and of 
frequency zero, the corresponding particular solutions may be 
superimposed due to the linearity of the equations. 

The solutions of the reduced Equation (21) 


— + (a2 + 2q cos 2r)y = 0 
dr? 


(22) 
have been thoroughly investigated [4]. As is well known, peri- 
odic solutions of this equation exist only for certain values of a 
and q. Unbounded solutions, representing unstable operations, 
exist for certain other values of a and q as shown in Fig. 8. 

It has been shown that the particular solution of the in- 
homogeneous Equation (21) possesses an infinite number of fre- 
quencies in contrast to the usual theory of forced vibrations in 
linear systems with constant coefficients, where only the forcing 
frequency itself appears in the particular solution. Consequently, 
instead of having one resonance condition, there are many in this 
case. The points of resonance found in the aq plane will be dis- 
cussed shortly after describing the locus of the point aq as the 
spindle speed is changed. 

It will be noted that both a and g vary with the spindle speed 
w but that a/q is independent of w. Therefore, for a given spindle 
or fixed values of Q), Q:, and vy, the point a, q moves along a 
straight line, such as OA in Fig. 8, having the slope a/q and in- 
tersecting the origin. If gq is considered positive in Equation (20) 
then the one in Equation (21) is negative; hence the line OA is 
drawn in the area for g <0 and corresponds to Equation (21), while 
line OB corresponds to Equation (20). It will further be ob- 
served that a is essentially the reciprocal of the square of the 
critical speed ratio, i.e., when running at 1/2 the criticala = 4, 
ete. Starting with low spindle speeds and increasing them 
corresponds to moving along OA in the direction toward O. 

The driving function g cos rT + K in Equation (21) is even and 
as has been shown [3] will have resonant points on the even a,- 
curves of Fig. 8 corresponding to the ‘‘cosine-elliptic’? Mathieu 
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Fig. 8 Mathieu stability chart 


functions. Resonant points due to the AK term occur at the in- 
tersections of OA with the as, a4, as, . . ., curves while the un- 
balance term causes resonances at the intersection of OA with 
43, @5,..., curves. Consequently, a spindle may exhibit vibra- 
tions in the neighborhood of 1/2, 1/4, 1/6, .. . of the critical speed 
due to the grinding force K and vibrations in the neighborhood of 
1/3, 1/5, 1/7, . . . of the critical speed due to unbalance, the 
lower speed resonances being of less importance. 
Since y may be considered small at speeds other than those just 
mentioned, Equation (20) degenerates into one similar to Equa- 
tion (21) by dropping the y coupling term. In this case, as al- 
ready mentioned, the line OB applies, and again there are resonant 
points at the intersections of OB with the as, as, . . curves caused 
by the tangential force Kf and resonant points at the intersections 
with the b,, bs, bs, .. . curves caused by the unbalance term g sin T. 
In view of the fact that Equations (18) and (19) are actually 
coupled it is to be expected that large vibrations in the y-direction 
will cause large vibrations in the z-direction. Since a, # do, there 
will be two sets of speeds where vibrations may appear. For ex- 
ample, suppose a spindle has an average natural frequency, tan- 
gential to the workpiece, of say 1000 eps and 1600 eps normal to 
the workpiece. Then rough operation is likely to occur at spindle 
speeds of: 500, 333, 250, 200, . . ., due to a; and 800, 533, 400, 320, 
., due to de. 


Conclusion 


On first thought it might be supposed that a grinding wheel 
should grind smoothly irrespective of the rigidity and damping 
characteristic of the spindle. However, it is apparent that there 
are many factors which may contribute to rough and undesirable 
operation of high-speed precision-grinding equipment. 
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DISCUSSION 
J. E. Plainevaux? 


The author has presented an excellent pioneering paper on the 
vibrations of grinding spindles with two degrees of freedom. 

Recently, attention has been devoted to the study of tool vibra- 
tions with two degrees of freedom. The problem of single-point 
tools has been examined in a particular case by Saljé? and in 
J. Tlust¥ and L. 
Spaéek.4 There is no doubt that studies applied to the more 
difficult problem of grinding spindles will give also interesting 
results. 


more general cases by two Czech engineers: 


In the case of the force pulsations introduced through damp- 
ings, the main condition, equation (9) of the paper, to be fulfilled 
for stability seems to have to be 


2(202,? + v?) (bi + ay’)? + v4 > 4wa,'(wa,’ — fv?) 
with b; = be. 


If vy = 0, relation (10) of the paper becomes: 


<1 + 
Q, 


? Lecturer of Technology, University of Brussels, Brussels, Belgium. 

3 Ernst Saljé, ‘“‘Self-Excited Vibrations of Systems With Two De- 
grees of Freedom,’’ Trans. ASME, vol. 78, 1956, pp. 737-748. 

4J. Tlusty and L. Spacek, “Samobuzené kmity obrdbecich 
strojich,” 378 pages. The writer suggests that a translation of this 
book in a more accessible language would be welcome. 
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in agreement with the paper of D. M. Smith [2], in which there is 
a misprint in the corresponding relation. 

The part devoted in the paper to the effects of unsymmetrical 
spindle rigidities is of striking interest. The simplified me- 
chanical problem is familiar to electrical engineers due to the 
analogy with the self-excitation of a salient-pole alternator on a 
purely capacitive load. 

Fortunately for us, rotors (and their bearings) have important 
damping and only little anisotropy for a complete instability is 
to be encountered, not at determined speeds, but in intervals of 
speeds, even for an unsymmetrical perfectly balanced rotor with 
some damping. Possibly, this phenomenon could explain the 
difficulties encountered in building two-pole turbogenerator rotors 
like ordinary salient-pole rotors (with a view to avoiding the 
patent of Charles Brown for round-rotor machines). 

For grinding spindles, we think that increasing the damping 
will increase the quality of the surface finish. 


Author’s Closure 

The author wishes to thank Mr. Plainevaux for his remarks. 
In connection with the section on Damping Induced Force Pulsa- 
tions the stability of the system is governed by four conditions 
which are obtained by the Routh-Hurwitz criteria. These condi- 
tions are rather unwieldy and are being studied further. 

If Mr. Plainevaux will qualify the last statement in his dis- 
cussion by limiting the damping of grinding spindles to non- 
rotary damping the author will agree that better surface finishes 
may in some cases be attained. 
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The Effect of Process Variables on 
Extrusion Pressures of Lead 


Billets of commercially pure lead, 2 in. diam X 3 in. long were extruded at room tem- 
perature through five different die contours at ram speeds up to 50 ipm. It was found 
that, for the direct and indirect extrusions, with good lubrication (white lead in oil) and 
with good cylinder-wall finish, the extrusion pressure-displacement diagrams were 
essentially the same. The concentric and eccentric single-bar and multibar extrusions 
at constant extrusion ratio required approximately the same pressures when extruded at 
identical speeds. The extrusion pressures over the wide range of speeds investigated 
showed approximate linearity when plotted on log-log co-ordinates. 


Ss commercial extrusion of metals is a process in 
which a billet is squeezed through an orifice into a variety of 
industrial shapes usually having uniform cross sections. 


Two 
common methods of extrusion are the direct and indirect methods 
shown schematically in Figs. I(a and 6), respectively. In the 
direct method, the ram of the extrusion press pushes the billet to 
be extruded toward the stationary die from which it emerges as 
the extruded product. Consequently, relative motion between 
billet and cylinder wall results. In the indirect extrusion proc- 
ess, the billet remains fixed in the cylinder and the die is forced 
into the billet imparting a movement to the extruded product 
which is opposite in direction to the die motion. In the latter 
case, the so-called dead-metal region, which in practice usually 
exists in the region of the metal entrapped between cylinder wall 
and die, prevents relative motion between cylinder and billet 
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Schematic diagrams of extrusion processes 


from taking place. Both processes are used in practice but the 
direct process is the more common. 

While extrusion practice is well advanced, it is still more an art 
than a science. As in other metal-working processes, the art 
appears to be far ahead of the theory so that the theory gives 
some information a posteriori about what is already known from 
practice. However, it is generally believed, as stated so well by 
Bishop [1]! in his comprehensive account of the theory, that even 
an incomplete and late theory is of material assistance in permit- 
ting a more informed, semiempirical approach in dealing with 
practical problems. 

A survey of the literature reveals that a great deal of theoretical 
as well as experimental work is in progress abroad, notably in 
Great Britain. This seems to point up the fact that there the 
extrusion process is not only considered to have scientific interest, 
but also that the process may offer excellent opportunities for 
study of the mechanics of metal deformation under complex 
stressing. This has been the point of view of the authors in their 
work on extrusion, and the paper will deal with another facet. of 
the extrusion problem which apparently serves this dual function. 
In what follows, no attempt will be made to give a complete 
account of the published literature. Hence the reader is referred 
to two recent articles by Bishop [1] and Watkins, et al. [2] where a 


' Numbers in brackets designate References at end of paper. 
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reasonably complete survey of the published literature is re- 
ported, In addition, these papers are worth studying, inasmuch 
as Bishop gives an excellent account of the present status of the 
theory, while Watkins, et al., give a comprehensive survey of 
results from recent extrusion experiments. 

Dodeja and Johnson [8, 4] have recently published two articles 
on extrusions covering both theoretical and experimental investi- 
gations on multiple-bar extrusions with lead and other metals. 
These investigators used 1-in. billets at a relatively low ram 
speed of 0.1 ipm in a direct extrusion process. It was found that 
the pressure, at the instant of formation of cavities (coring) at the 
bottom end of the billets when the extrusion ratio was held con- 
stant, increased with the number of bars extruded. This appears 
to be in agreement with experimental results reported by Pear- 
son [5], but is contrary to those found by Watkins, et al. [2]. 
In addition, Dodeja and Johnson [38, 4] determined possible slip- 
line solutions for multihole, sharp-edged dies and concluded that 
the theoretical extrusion pressures should remain nearly constant. 
It is the purpose of the paper to give additional results on direct 
and indirect extrusions of lead for several bar eccentricities as 
well as multibar extrusions at higher rates of deformation than 
were reported by the afore-mentioned investigators, 


Experimental Technique 


The 2-in-diam X 3-in-long commercially pure (99.9 per cent) 
lead «billets, forged and annealed at room temperature before 
machining, were extruded through sharp-edged circular dies with 
cross sections as shown in Fig. 2. The resulting cylindrical ex- 
trusions shown in Fig. 3, for each of the five different die shapes, 
had a total extruded cross-sectional area such that the ratio of 
extrusion area to billet area remained essentially constant. The 
1,/A ratio selected was the same as the one used with 4.3-in- 
diam billets reported previously [6]. The direct and indirect 
extrusion methods used in this investigation and shown schemati- 
cally in Fig. 1, were performed in a 40-ton bydraulic press shown in 
Fig. 4. In the direct method, the cylinder was suspended from 
the crosshead of the press as shown in Fig. 5, while during the 
indirect extrusion tests the cylinder rested on the platen of the 
rum as seen in Fig. 6. White lead in oil was used in making frie- 


I 0.697 “DIAM. 


tion negligible during extrusion of the 40 specimens listed 
Table 1. 

During each test the instantaneous extrusion loads as well as 
ram displacements and corresponding ram velocities were re- 
corded on a Sanborn two-channel amplifier-recorder. Load cali- 
bration of the hydraulic press was done by means of the calibrated 
compression bar in spherical seats shown in Fig. 4. The pressure 
variations were sensed with a Baldwin SR-4 fluid pressure cell 
connected between the hydraulic system of the press and the 
Sanborn recorder. For the purpose of illustration, Fig. 7 shows 
autographie records of load displacement for the direct and 
indirect extrusion of specimen I in Fig. 3 at a steady-state ram 
velocity of 36 ipm. For recording instantaneous ram displace- 
ments, i.e., billet reductions and corresponding velocities, a 200- 
point circular electric contact switch was mounted on the ram 
platform. The switch was rotated through a pinion by a rack 
attached to the press frame. Calibration of the beginning and 
end of contact of each switch position and corresponding amounts 
of ram displacement were done with a 0.001-in. dial indicator 
showing the instantaneous ram positions. During each test the 
switch signaled the ram displacement, i.e., the amount of Lillet 
reduction, to the Sanborn recorder, and was plotted together 
with a 1l-see interval time marker on the recording tape. Trans- 
lation of the switch signals into inches of billet reduction together 
with the time-interval recording made it possible to obtain the 
velocities at which the extrusion tests were performed. 

The experimental tests for each of the 5 extrusion patterns 
were divided into two groups; namely, direct extrusion and 
indirect extrusion. Four different ram velocities within the 
capacity of the hydraulic press were selected for each group, the 
extremes being a minimum velocity of 2.65 ipm and a maximum 
velocity of 49 ipm. The resultant experimental data are shown 
in Table 1. Additional tests at ram velocities ranging from 0.05 
to 0.2 ipm were made in a hydraulic testing machine, in order to 
compare extrusion pressures of 2-in-diam billets with those of 
4.3-in-diam billets obtained in earlier tests [6, 7]. 


Results and Discussion 
examining the autographic diagrams of the direct and indirect 


0.697" DIAM pun 


0.493" DIAM. — 
.2 PLACES 


104504045 


208 / aucust 1959 


Fig. 2 Configuration of the five sharp-edged dies used in experiment at constant extrusion ratios 
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Fig. 3 Short segments of extruded bars still attached to billet 
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Fig. 4 High-speed hydraulic press and Sanborn recording equipment Fig. 5 Direct extrusion equipment in place for testing 
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Fig. 8 Load versus ram displacement diagrams for ram velocities from 2.65 to 5.66 ipm 
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Fig. 7 Typical autographic extrusion load-displacement diagrams as 
recorded by Sanborn equipment 


extrusion of the 2-in-diam X 3-in-long lead billets shown in Fig. 
7, it may be seen that the curves are nearly identical. This 
demonstrates the fact that good lubrication and a good surface 
finish can reduce wall friction to a negligible value. It may be 
seen further that each diagram consists of several portions as 
indicated by numbers. In the portion 0—1, the billet is com- 
pressed and is made to conform to the cylinder cavity. In the 
portion 1-2 the load rises to initiate flow through the orifice. 
Ordinarily, the maximum extrusion load occurs at point 2. The 
load will then decrease to a somewhat lower value as steady-state 
extrusion is reached. At point 3 unsteady state sets in and the 
bottom end of the billet begins to show the formation of a cavity, 
which is referred to as the coring point by Dodeja and Johnson 
{3, 4]. Beyond this point, the load first decreases and subse- 
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Table 1 Extrusion pressures 


Direct Extrusion Indirect Extrusion 


a d e ] 


h 


Description Pmax Vn Pmax Pmax |Vm Pmax [Ve 


Pmin Pmin 


| 
+ 
Single bar extrusion 12,600 14,700 | 13, 400) |13,700 16,300} 
0.694" diam. 8 6 1 0 | a fala 


3 45 | 
Axial symmetric 12,000 13,100 12, 500| pare 14,700) 


Single bar extrusion 12,200 14,200 15,500 13,800 114,100) 
0.691" diam. | 


| 

116,200) 
3 1 34.5 f 10. | 
0.174" eccentricity 11,500 13,100 14,000 13, 400 /12,900 


| 14, 600) 


Single bar extrusion 12,600 14,200 15,400 14,700 | | 13,800 15,500) 
0.691" diam, . 58} | 19.8 |__| 36.2 . 55] 9.60 —| 37.2] — 
0.349" eccentricity 12,100 12,900 14,350 13,700 | 12,950 


48. 7| —_— 
| 14,600 14, 200 


amen + T 
|Two bar extrusion | 13,000 14,700 15,700 15,000 | 13,900) 14,100 | 15,700 
10.490" diam. | 8.33 20. 37.1 | 3.06 9.00 37. 48.3 
| 12,300 13, 100 14,300 13,700 | 13,100) 13, 100) | 14, 400) 14,850 | 


| 
Three bar extrusion 12,800 14,700 15,800 13,300) 14, 400) | 16, 200 116,300 | 
| 0.396" diam. 65 20. 37.2 

| 


6 | 5.53 47.4 —| 
12,550 13, 150 14,300 12, 200) 400 | 15,000) |15,680 | 


Van = Ram velocity, inches per minute Ao = Billet area, in? 
Pmax = Maximum extrusion pressure, psi. A = Sum of extruded bar areas, in2 
Pmin = Minimum extrusion pressure, psi. Ao/, * Extrusion ratio 
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Fig. 9 Load versus ram displacement diagrams for ram velocities from 8.45 to 2.06 ipm 


quently increases to a relatively large value, as the thickness of the — ing an extrusion process. 
billet reduces to the thickness of athin disk. In practice, friction 
is usually encountered, hence the maximum extrusion load in 
direct extrusions (point 2 on the diagram) is higher than that for — son with an extrusion theory, however, some other pressure may 
indirect extrusions. The magnitude of the maximum load is — serve better. 
dependent on the length of the billet, but both curves tend to 
merge into one near the end of the stroke. prompted Dodeja and Johnson [3, 4] to choose the coring point as 

From the foregoing it is evident that the extrusion pressure as __ the pressure at which comparison between theory and experiment 
defined by the load divided by the billet area is not constant dur- should be made. This method has the disadvantage that the 


In order to size extrusion equipment, 
it appears that the maximum pressure, point 2 of Fig. 7, is obvi- 
ously the critical value which needs to be known. For compari- 


The extrusion pressure being influenced by wall 
friction in the direct extrusion process but not in the indirect 
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(b) Indirect extrusion 


Fig. 10 Load versus ram displacement diagrams for ram velocities from 34.5 to 37.9 ipm 
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Fig. 11 


In fact, 
in the present experiments it was difficult to obtain a positive 
shutoff of the hydraulie press near the coring point, so that the 


coring point is not readily observed at high ram speeds. 


coring point was indeterminate. Furthermore, since the direct 
and indirect extrusion processes gave similar load-displacement 
diagrams, it was decided to compare only maximum and minimum 
extrusion pressures (load/billet area). These values are shown 
in Table 1 and have been obtained from the diagrams of Figs. 8— 
11, inclusive. It should be noted that the diagrams have been 
terminated arbitrarily at a billet reduction of 2 in., since the 
remainder of the curves varied, depending on where in the ram 
travel the load happened to be released. It may be seen from 
these curves that, generally speaking, eccentricity has no influ- 
ence on the extrusion pressure, while the number of rods ex- 
212 
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(b) Indirect extrusion 


Load versus ram displacement diagrams for ram velocities from 42.0 to 49.0 ipm 


truded may have a slight but not consistent effect on the ex- 
trusion pressure. 

The minimum and maximum extrusion pressures are sum- 
marized as functions of speed in Figs. 12 to 15, inclusive. It is 
seen that the pressures are but slightly influenced by speed, i.e., 
rise with increasing speed except at the highest speeds investi- 
gated, but are essentially independent of eccentricity and rod 
diameter for the same extrusion ratios. Hence these experi- 
ments tend to confirm the theoretical predictions based on slip-line 
theory for plane strain extrusions given by Dodeja and Johnson 
[3, 4]. 

Fig. 16 shows a log-log plot of the minimum and maximum 
pressures as function of ram velocity. Some additional slow- 
speed data were obtained with 2-in-diam billets, while those 
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Fig. 12 Minimum extrusion pressures versus ram velocities during direct extrusion at an ap- 
proximately constant extrusion ratio of 8.4 
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Fig. 13 Minimum extrusion pressures versus ram velocities during indirect extrusion at 
an approximately constant extrusion ratio of 8.4 
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Fig. 14 Maximum extrusion pressures versus ram velocities during direct extrusion at 
an approximately constant extrusion ratio of 8.4 
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Fig. 16 Minimum and maximum extrusion pressures versus ram veloci- 
ties of centrally located single rods during indirect extrusion of 2-in-diam 
and 4.3-in-diam billets with 8.3 and 8.2 extrusion ratios, respectively 


with 4.3-in-diam billets were taken from earlier tests (6, 7]. All 
extrusions, however, had approximately the same extrusion 
ratios as shown in the figure. It is seen that the experimental 
points fall on approximate straight lines for each billet diameter. 
These data support the contentions of Watkins and his collabora- 
tors |2] that there is little or no size effect and that, for lead, the 
extrusion pressures plotted on log-log co-ordinates are essentially 
linear over a wide range of ram velocities. 


Conclusions 


1 With good lubrication and good eylinder-wall finish, the 
extrusion pressures for 2-in-diam X 3 in-long commercially pure 
lead billets are essentially identical when extruded at room tem- 
perature at an approximate extrusion ratio of 8.4. 

2) Eeceentricity of a single bar or multiple bars up to three, 
extruded at the same extrusion ratio, do not appear to influence 
the extrusion pressure. 


3 Extrusion pressures appear to be influenced but little by 
size effect for 4.8 and 2.0-in-diam billets. 

4 Extrusion pressures for the wide range of extrusion speeds 
investigated were approximately linear when plotted on log-log 
co-ordinates. 
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DISCUSSION 
John L. Alden? 


Some notes on a series of tests conducted in 1931 incidental to 
a 10-year program directed toward the development of a con- 
tinuous extrusion machine for lead-cable sheath may serve to 
amplify this interesting paper. Lead containing 2!'/. per cent 
antimony was extruded by the direct-extrusion method through a 
1/,-in. round die. Four cylinder diameters were employed, !4/j6, 
18/s, and in. The extrusion ratios were approximately 
10.5, 20.2, 30.2, and 42.2, respectively. The billets, 4 in. long, 
were cast directly in the cylinders. 

Friction of the billet against the eylinder walls was an important 
element of the extrusion pressure and was found to be in direct 
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proportion to the ratio of the cylinder circumference to its cross- 
sectional area. Extrusion pressures rose rapidly as the extrusion 
speed increased but tended to flatten out between about 50 and 
120 ipm, the highest speed employed. 

The effect of temperature was almost linear within the prac- 
tical working range of 300 to 600 F. Thus, at 80 ipm with a cir- 
cumference-to-area ratio of 2.0, the extrusion pressure at 300 F 
was 16,000 psi, at 450 F 10,000 psi, and at 600 F 5000 psi. Ata 
ratio of 4.0 and at the same temperatures the respective pressures 
were 25,000, 18,000, and 12,000 psi. 

To visualize flow patterns and profiles within the cylinder, thin 
layers of wax, dyed with contrasting colors, were cast in the 
cylinder. The results were useful qualitatively in demonstrating 
the presence of the dead area at the intersection of the cylinder 
wall with the plane of the die. 

Excellent visualization of the flow lines within the cylinder and 
at the approach to the die orifice was obtained by filling the cylin- 
der with lead shot which were then pressed and extruded. After 
extrusion was under way the press was stopped and the resulting 
slug carefully pressed out in reverse. Each pellet retained its in- 
dividuality and the transition from approximate sphericity to fila- 
mentary form was dramatically exhibited. 


J. M. Alexander® 


The authors are to be commended for having carried out such 
a precise experimental investigation and for their clear presenta- 
tion of the resulting data and details of the equipment used. It 
is most interesting to observe that the extrusion pressure for lead 
is substantially unaffected by the precise manner in which a given 
reduction is achieved. Since lead behaves almost exactly as a 
perfectly plastic material and since slip line field solutions predict 
the behavior found, the implication is that slip line field theory 
does give a good indication of behavior in general three-dimen- 
sional systems. 

Johnson‘ recently proposed upper-bound solutions for the 
extrusion problem, under plane-strain conditions. The writer 
suggested in his discussion on Johnson’s paper that these upper- 
bound techniques can be extended to problems of rotational sym- 
metry. The use of such methods in conjunction with lower- 
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4W. Johnson, ‘Estimation of Upper-Bound Loads for Extrusion 
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Mechanical Engineers, London, England, October 31, 1958. 


bound techniques gives promise for solving complicated extrusion 
problems of the type under discussion here. Experimental re- 
searches of the type carried out by the authors are invaluable from 
the point of view of giving a sound basis of comparison for such 
theories, and serve to keep the theoretical plastician’s “feet on the 
ground.” 

In this connection, one small criticism of the paper is that the 
authors have not included the basic yield-stress curve for the 
material used in their experiments. This will render it difficult 
to make the comparisons just suggested between theory and ex- 
periment, and it would be most helpful if the authors could in- 
clude such a graph in their reply to the discussion. The effect of 
strain rate on this basic yield-stress curve could be estimated from 
the data given in Fig. 16. 


C. T. Yang’ 


The authors give very valuable information in their paper and 
are to be congratulated. There are several points on which the 
writer wishes to comment: 

1 The authors found extruding either single bar or multiple 
bars (up to 3) with the same extrusion ratio does not influence 
the extrusion pressure. This furnishes strong evidence that 
friction on the extrusion die is very small. In that case, the 
equation for deformation pressure, 


A 
p pay log, 


where 


| 


shear factor 
& = yield strength 
A,j/A = extrusion ratio 


can be applied not only to single but to multiple-bar extrusions 
also, as long as the reduction ratio is kept constant. 

2 In Fig. 7 of the paper, the pressure versus displacement 
curves are identical for both direct and indirect extrusion. This 
is rather unusual because it shows the wall friction on the direct 
extrusion chamber is negligible and the lubricant used is ideal. 
Generally, in the direct-extrusion process, the extrusion pressure 
drops as the displacement of the ram increases. 

3 The authors show that the ram speed or strain rate has little 
effect. on extrusion pressure with lead as the billet. This agrees 


5 University of Michigan, Ann Arbor, Mich 


Max. Extrusion Pressure, 1000 Psi 


1.0 10 100 


Speed, in/min 


Fig. 17 Maximum extrusion pressure versus speed curve 
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partly with the research data from Professor Fukui, et al,‘ 
Tokyo University. They found the backward extrusion pressure 
versus strain-rate curves as shown in Fig. 17. 


Fig. 17 indicates that Cu and Al behave in a similar manner to 
lead, which is shown in the paper; that is, insensitive to strain 
rate at slow speed. However, Zn is very sensitive to speed effect. 
The writer believes this is due to the fact that Zn is HCP in 
lattice structure. The number of slip mechanisms for Zn is only 
three compared with Cu and Al, both are FCC and each has 12 
slip mechanisms. 

Also in Fig. 17, at a speed of about 16.5 ipm, the pressure drops. 
This could be attributed to the temperature increase in the billet 
at high speed. If the speed is high, the process is close to adia- 
batic. The temperature in the billet could reach the recrystalliza- 
tion temperature, and annealing effect counteracts the strain-rate 
effect. The pressure drop, however, is not shown in Fig. 15 in 
the paper. This could be due to the fact that the recrystallization 
temperature of lead is the room temperature. Concerning the 
curve for Zn, the writer believes that pressure also will drop 
eventually, if high speed is reached. 


Authors’ Closure 


The authors are taking this opportunity to thank Mr. Alden and 
Professors Alexander and Yang for their kind discussions. 

Mr. Alden’s description of earlier research in extrusion of lead 
and the methods employed to visualize flow patterns are most in- 
teresting. However, since then the authors have successfully 
employed the method of visioplasticity described in previous 
papers [6,7]. In this method both rectangular and polar co-ordi- 
nate grid patterns were inscribed on the meridian plane of axial 
symmetrical extrusion billets of lead and aluminum. Not only 
was flow visualization obtained by tracing the movements of grid 
intersections but studies of stress-strain distributions in the billet 
at various strain rates as well as comparisons with theory were 
successfully performed. 

To make the comparisons between theory and experiment sug- 
gested by Professor Alexander the average effective-stress 
effective-strain curves for commercially pure lead at various 
strain rates are shown in Fig. 18. These curves, which were also 
published in another paper,’ were obtained with 1-in. high x 1-in. 
diam cylindrical specimens using white lead in oil lubricant in 
grooves at both end surfaces of the specimens. Since the 
effective stress no longer depends on strain at and above an ef- 
fective strain of 1.0 in./in. a cross plot of effective stress versus 
effective strain rate is shown in Fig. 19 for an effective strain of 
1.0 in./in. Comparison of the slope of the curve in Fig. 19 with 
the slopes of the extrusion pressure versus ram velocity curves in 
Fig. 16 shows essentially identical values thereby demonstrating 
the good agreement between theory and experiment. Johnson’s* 
paper, referred to by Professor Alexander, deals with cases for 
which straight-edged dies have been assumed. However, another 
as yet unpublished paper® by the same author on upper bound 

6S. Fukui, H. Kudo, and J. Seino, ‘‘Study on Impact Extrusion 
Method for Nonferrous Metals,” Report of the Institute of Science 
and Technology, University of Tokyo, Tokyo, Japan, vol. 11, 1957. 

7S. Kobayashi, R. Herzog, J. T. Lapsley, Jr., and E. G. Thomsen, 
“Theory and Experiment of Press Forging Axisymmetric Parts of 
Aluminum and Lead,” published in this issue, pp. 228-238. 


8 W. Johnson, “Upper Bound Loads for Extrusion of Cireular 
Shaped Dies,”’ Applied Scientific Research, to be published. 
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Fig. 18 Average effective-stress effective-strain curves of commercially 
pure lead in compression for various strain rates 
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Fig. 19 Average effective-stress strain-rate curve of commercially pure 
lead in compression at an effective strain of 1.0 in./in. 


loads for extrusion of circular shaped dies would serve well in com- 
paring his graphical estimates of loads with the experimental 
values presented here. 

Professor Yang’s suggestion to apply the equation for deforma- 
tion pressure in single extrusions to multiple bar extrusions as- 
suming a constant extrusion-ratio is valid only for ideal lubrica- 
tion condition and particular ram speeds. As demonstrated by 
the authors’ experiments the effect of ram velocity, i.e., strain rate, 
however slight, is still a parameter which must be considered. 

The maximum extrusion pressure versus speed curves for Cu, 
Zn, and Al shown in Fig. 17 together with Professor Yang’s 
comment that the shape of the curves is influenced by the lattice 
structures and slip mechanisms of the respective materials, shows 
the need for further research in this area particularly with regard 
to establishing structural indexes. 
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S. KOBAYASHI: 


Assistant Professor, 
Doshisha University, 
Kyoto, Japan 


E. G. THOMSEN 


Professor of Metal Processing, 
University of California, 
Berkeley, Calif. Mem. ASME 


Approximate Solutions to a Problem 
of Press Forging 


The velocity vectors in the flash and body of a press forging of commercially pure lead 
having axial symmetry were obtained experimentally from incremental displacements 
in stepwise forging operations. It was found that the velocities are in excellent agree- 
ment with those derived with the aid of a simple disk theory, where it was assumed that 


all deformation 1s concentrated in a fictitious disk. Comparison with velocities derived 
from certain slip-line solutions also shows that substantial agreement exists here be- 
tween theory and experiment. 

Calculated average forging pressures, which were obtained by the approximate disk 
and slip-line theories, are in approximate agreement and the local pressure distributions 
are similar. These results seem to clarify the role which the flash height and friction 


* forging in closed impression dies is presently an 
important manufacturing process which is extensively used in the 
chipless shaping of metals into useful objects. The art of this 
process is well advanced, seemingly having been brought to 
near perfection, but the mechanics of the process are neither 
generally nor completely understood. Consequently, present-day 
engineering practice essentially still consists of trial-and-error 
methods for obtaining solutions to forging problems, a procedure 
which at its best is costly and inefficient. 

Kobayashi, et al. [1],? in a companion paper show that ex- 
perimental forging pressures, when press forging axisymmetric 
parts of commercially pure lead and aluminum, were in good 
agreement with a simplified theory. This simplified theory, as 
shown schematically in Fig. 1, assumes that in the finishing 
operation no plastic deformation occurs in the metal contained 
in the upper and lower die halves. This they justified by the 
fact that in an actual forging operation only minor readjustments 
are required in order that the metal conform to the die contours 
while changing its shape from the blocked forging to the finished 
forging. This concept apparently is different from that en- 
visioned by previous investigators, as is revealed by a literature 
survey (bibliography of [1]). It was considered reasonable to 

1 At present, Graduate Student in Mechanical Engineering, Uni- 
versity of California, Berkeley, Calif. 

2 Numbers in brackets designate References at end of paper. 

Contributed by the Metal Process Section of the Production En- 
gineering Division and presented at the Annual Meeting, New 
York, N. Y., November 30-December 5, 1958, of THe AMERICAN 
SociETY OF MECHANICAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, 
August 4, 1958. Paper No. 58—A-140. 


Nomenclature 


in the dte-lands play in achieving a good impression of the die cavities. 


assume further, that all plastic deformation is restricted to the 
flash and the metal of the forging, shown in Fig. 1 by dotted 
lines, from which the flash is formed. As a first approximation, 
therefore, it was assumed [1] that the final or finish-forging proc- 
ess consists of deforming a fictitious disk of height h under varia- 
ble surface friction. 

Their final equation (19), equation (6) of the present paper, 
as derived for the dimensionless press-forging pressures [1| is 
shown graphically by the solid curves in Fig. 2 for several u 
(coefficients of friction) between flash and die as a function of 
m = h/ho. It was assumed in the derivation that Coulomb fric- 
tion exists in the fictitious disk between the flash and the die-land 
interfaces, but that metal shearing occurs on the remainder of 
its interfaces which remain permanently attached to the main 
body of the forging. In spite of these simplifying assumptions 
the experimentally determined dimensionless pressures p,/& 
agree well with the theoretical values, except at the beginning 
of a forging test, when excessive bulging occurs in the flash; this 
latter departure of the theory from experiment, however, is of no 
practical significance, because final and not initial pressures are of 
importance in practice. The solid circles shown in Fig. 2 repre- 
sent the experimentally determined dimensionless pressures 


total forging load 
p/ = 
total projected area X flow stress 

for commercially pure lead. The dimensionless ratios m = h/ho 
(or by volume constancy, m = [r,/r,]*) given in this figure were 
evaluated from measured r, (flash radius), in order to eliminate 
the effect of bulging. In the remainder of the curves presented 
by Kobayashi, et al. [1], however, the values of m were based on 
instantaneous h (height of flash) measurements and hence in- 


= normal-stress components in x and y-directions, re 
spectively, psi 
T,, = shearing-stress component on plane normal to z-axis 
and in direction of y-axis, psi 
& = effective stress, psi 
P, = average forging pressure, (load/total area), psi 
h, ho = instantaneous and initial flash height, in. 
rq. 7, = radius of body (or die) and flash of forging, respectively, 
axial symmetry, in. 
1,, l; = length of body only and combined length of body and 
flashes of forging subjected to plane-strain deforma- 
tion 
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m=h/ho = flash-height ratio and from constancy of 
volume = rq/ho for axial symmetry and /4/2h, for 
plane strain 


bu = coefficient of friction 
u, (’ = instantaneous velocities of forging dies and exit velocity 
of flash edge, fpm 


k = constant maximum shearing stress at yielding for ideal 
solid 


p = mean pressure during deformation of ideal plastic solid 


6 = angle measured from y-axis in counterclockwise direc- 
tion to first shear line, deg 
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Fig. 1 Schematic diagram of ideal press forging. (a) Before deforma- 
tion; (b) during deformation, showing formation of flash. 


|e EXPERIMENTAL POINTS 


04. 06 
m=h/No 


Fig. 2 Average dimensionless axially-symmetric forging pressures as 
function of m = h/h, for various coefficients of friction yin die lands. (a) 
Solid curves are based on disk theory; (b) solid circles are experimental 
points using commercially pure lead: ri/h) = 0.65, hy = 1.50in., ra = 
31/32in. 


0.8 1.0 


volve errors due to bulging when determining the variable m. 
It should be observed further that all experimental points were 
caleulated by dividing the instantaneous load per unit area by 
the instantaneous flow stress & (effective stress) as determined 
from independent compression tests under variable strain rates 
The coefficient 
0.2, which was used for the theoretical curve, 
also was determined independently with an experimental friction 
tester under similar operating conditions as were encountered in 
the details of the results of the friction tests are de- 
scribed in the same paper [1]. 


equivalent to those encountered in the forging. 
of friction wp = 


the forging 
From these preliminary results 
it appears that the forging theory is valid for axisymmetric forg- 
ings of lead and aluminum. It appears, therefore, of theoretical 
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as well as practical interest to obtain additional experimental con- 
firmation and to compare the present theory with those based on 
slip-line theories in plane strain. Hence the purpose of this 
paper is to present this additional information, which was ob- 
tained after the preparation of the previous forging paper. 


Flow Patterns in a Forging 


The experimentally determined velocity vectors of an axially 
symmetric lead forging are shown in Fig. 3. The velocity vectors 
were obtained relative to a stationary center line by deter- 
mining direction and displacement of marked particles on a cen- 
tral plane during incremental forging steps. This was accom- 
plished by marking particles on this plane in the form of inter- 
sections of grid lines and following the displacements of these par- 
ticles during incremental! forging steps. 

Fig. 4 shows hodographs (velocity diagrams) of particle velocity 
vectors corresponding to the assumed simplified theory previously 
discussed in which a forging is treated as a fictitious disk. The 
velocity u is the die velocity relative to the center line and U is 
the exit velocity at the end of the flash. At a particular in- 
stance, when the flash height is h, continuity demands that 


h 
umr = U 


hug 


Fig. 3. Instantaneous velocity vectors for commercially pure lead ob- 
tained from a stepwise, axially-symmetric press-forging process; rj = 
31/32in.,h = 0.75in., = 1.57 in. 
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Fig. 4 Hodograph of an axially-symmetric press forging based on the 
fictitious disk theory 
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Hence equation (1) gives the radial velocity component U, 
at any r of the desired velocity vector V, in terms of the die 
velocity u. To obtain the velocity vector V,, however, it is 
necessary to calculate the normal component u,, which is u 
at the surface of the disk, but decays to zero at the center line. 
This can be accomplished by making a material balance at any 
rand z, namely 


u,wr? = U, 2mrz, or u,r = 22U, (2) 


Substituting for U, = ur/h from equation (1), 


u, = u (3) 


is obtained which shows that u, must be linear with respect to z. 
In the hodograph at ™, the vertical components u, have been 
shown pointed in a backward direction in order to show how 
these velocity components decay as r decreases. The manner 
in which the vector components combine to yield the velocity V, 
is shown at rz. The theoretical velocity vectors V, computed 
from equations (1) and (2) are shown in Fig. 5 and may now be 
compared with the experimental velocity vectors of Fig. 3. It 
is at once evident that the theory is good and that the theoretical 
velocities nearly agree with the experimental velocities. Other 
comparisons with slip-line solutions will be made also but are de- 
ferred to a subsequent section of the paper. 


Approximate Forging Pressures 


In order to compare the axially symmetric solutions with those 
in plane strain, let us first restate the former in summary form. 
The derivations of the equations to follow which apply to axially 
symmetric forgings are taken from the companion paper [1]. 

The loeal dimensionless axial compressive stress acting on the 
die is given by 


Qu, 

| 

=eh when rgSrr, 

J 

6 (4) 
9 
= (rg —r) +e" , when O<r<ry 


as long as sliding occurs in the flash, where & is the effective stress 
and is equal to the instantaneous true stress in a tension or com- 
pression test which must be evaluated at the same strain or 
strain rate as occurs in the forging. The selection of ¢, however, 
depends on whether the material is affected by strain, strain rate, 


or both. The total dimensionless average forging pressure 


p,/& ean then be shown to be 


2 
h 


(4 
ur, 


where 


In the event that sticking or welding occurs in the flash be- 
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operation, 
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Fig. 5 Direction and magnitude of velocities of an axially-symmetric 
press forging based on fictitious disk theory 
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Fig. 6 


Idealized stress distribution in a press forging in plane strain 


tween ro and r,, where ro is the critical value of the radius at 
which sticking begins and is given by 


h ( 
n 


then equations (4) and (5) reduce to the following: 


2 
e 


when m <r Sry | 


2 
-(r9 — 4 when OS r <7 | 


and 


» \2 1 273 
ry 9 h 


For the case of plane strain, the forging becomes a fictitious 
slab of height A, having width in the z-direction, taken to be 
unity, which will not change during the progress of the forging 
By transforming the variables, Fig. 1, as follows: 
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and making a stress analysis on the slab shown in Fig. 6, in a 
manner similar to that used previously on the disk [1] for the 
axially symmetric forging, the following equations are obtained 
for the case of no sticking: 
2) 
when 


Qu fly 
G 


9 
| 2 2 
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, when OS 2S 


(y—la) 
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where and n= 


Again, if sticking occurs in the flash between z, and |,/2, where 
r, is the critical distance from the center line of the forging at 
which sticking begins and is given by 


then 


when a S22 


when 0 <2 


(8*) 
V3 pl, 

It may be noted that the average forging pressures p,/é, for 
plane strain and axial symmetry are not the same, because of the 
fact that different areas are involved, on which the forging pres- 
sures act. This may be seen readily by comparing equation 
(5) with (8) or equation (6) with (9). The local axial pressures, 
however, differ by only a small amount as will be shown later. 


Slip-Line Solutions of Press Forging 


There is no evidence to indicate that slip-line techniques have 
been used extensively by metal-processing engineers in the solu- 
tion of practical problems. This is probably due to the fact that 
experimental verification is lacking and that solutions are often 
too general to apply to a particular problem, unless the metal- 
processing engineer is able to obtain the slip lines readily himself. 
This, however, is now possible because, among others, a graphical 
method [2] was proposed recently and has been used on a num- 
ber of forming problems. This method is rapid and for all 
practical purposes is sufficiently accurate. 

Before comparing possible slip-line solutions of forgings, 
which were obtained by this graphical method, with approximate 
solutions and with experimental results discussed earlier, it will 
be necessary to restate briefly what they are and how they can 
be used in calculating forging loads, stress distribution, and par- 
ticle velocities. For a more complete discussion the reader is re- 
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ferred to the literature, in particular to books on this subject 
by Hill [3] and Prager and Hodge [4]. 

The slip lines are lines of maximum shear and are the charac- 
teristics of the hyperbolic differential equations, which must 
satisfy static equilibrium and continuity in an ideal solid sub- 
jected to plastic deformation in plane strain. It is assumed that 
the critical shearing stress k, of the ideal solid, which is required 
to cause plastic deformation, is constant and that a state of 
stress outside of the plastic zone will not produce any deforma- 
tion whatsoever. This, in effect, means that the material beyond 
this zone is rigid, which is equivalent to stating that the modulus 
of elasticity is infinite. A solution obtained is often called a par- 


(d) 


Fig. 7 Possible slip-line solutions for press forgings in plain strain with- 
out friction in die lands. See Table 1 for conditions. 
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tial solution, since usually no attempt is made to check if the so- 
called rigid material has an elastic boundary which is satisfied 
simultaneously by the plastic boundary. 

Fig. 7 shows four possible slip-line solutions which were ob- 
tained graphically. These solutions correspond to the four in- 
stantaneous flash heights given in Table 1 under columns a to d 
for both axial symmetry and plane strain. Friction between flash 
metal and die land was assumed to be zero: i.e., hw = 0. The 
slip lines given numbers are first slip lines, while those lettered 
are second slip lines, in accordance with the convention used by 
Prager and Hodge [4]. The equations which satisfy equilibrium 
along these maximum shear lines are 


p + 2k6 = C, = constant along first shear line 


(10) 
p — 2k@ = C, = constant along second shear line 
and the stress components are 
o, = —p+ksin20, o, = —p — ksin 20 (11) 


The convention used is shown in Fig. 8 and is as follows: The 
angle @ is the angle of turn-off and is measured counterclockwise 
from the y-axis to the first shear line. This holds irrespective 
of whether we are evaluating stresses on a first or on a second 
shear line. The stress components are o, and o,, the maximum 
shearing stress to initiate or maintain plastic deformation is k, 
and is assumed constant along any slip line, and finally, p = 


1 
— 5 (¢, + a,)is the mean pressure. If a centered fan-type solu- 


tion applies, such as the example in Fig. 8, the slip lines 1 and a 
originating at the die corners are limiting slip lines up to their 
point of intersection at the center line and bound the region of 
plastic deformation. These limiting slip lines may, however, 
be displaced as a series of parallel lines into the flash as shown in 
Fig. 7(d) requiring a constant state of stress in this region. In 
this event, plastic deformation may extend to the last slip lines 
marked 1 and a, as for example, in Fig. 7(d), but the solid be- 
comes rigid beyond these limiting lines. The limiting slip lines 1 
and a are also the starting lines of a graphical solution and must 
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Fig. 8 Schematic stress distributions along first and second shear lines 


be so located that 6 will satisfy the boundary condition ¢, = 0, 
since there are no forces acting in the z-direction on the outer 


edge of the flash. Inasmuch as o, = 0, the z and y-directions 
must be principal directions and hence a Mohr’s circle of radius k 
would show that 


(o, + 0) =k 


and 


p=- 


Hence introducing these conditions into equation (11) deter- 
mines 9 = 45 deg, which could also have been obtained directly 
from a Mohr’s circle diagram. The state of stress ¢, = 0 is 
shown on infinitesimal elements of the solid marked A and B 
on the first and second shear lines, respectively. The first 
shear line is chosen to be that line which contains shearing stresses 
on the faces of the element C parallel to the shear line, which 
tends to rotate the element clockwise. Thus, as shown by ele- 
ment D, negative shearing stresses exist on these faces on second 
shear lines. Inasmuch as friction is assumed to be zero at the 
die land and flash interface, shear lines must meet the solid bound- 
ary of the die at 45 deg which satisfies the condition that shear- 
ing stresses are zero at that point. 

The remaining shear lines, shown by way of example in Fig. 8, 
are obtained by a graphical or wedge technique [2], assuming 
that a discontinuity in stress occurs at the die corners. All slip 
lines preferably are located with constant angles between them, 
ie., equiangular where A#@ = const, except the last slip lines 
marked 4 and d, respectively, of Fig. 8. These last slip lines are 
also limiting slip lines and divide the rigid solid in the body of the 
forging from that in the plastic zone. They are located by satis- 
fying the condition of symmetry, which dictates that no shearing 
stresses can exist along the center line; hence the center line is a 
principal direction and the slip lines must meet here at angles of 
45 deg inclined toward the center line. 

If the slip line field has been constructed it is a simple matter 
now to calculate the local forging pressure which is the y-com- 
ponent of stress — a, along the limiting lines, as for example, 
line d. This is accomplished by first calculating p along slip line 


1 with the help of equation (10) p + 2k@ = (;. The constant 
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(, is determined by the known condition illustrated by element C 
in Fig. 8. Thus the pressures along slip line 1 up to and includ- 
ing the point of intersection with slip line d can be determined. 
Hence, knowing p and @ at this point, the constant C, of equation 
p — 2k@ = C, can be determined and hence, as @ changes along 
slip line d, the mean pressure p can be evaluated. The local pres- 
sure — a, can next be evaluated, since p and 6 are now known 
at every point along line d, and finally the total average forging 
pressure can be obtained by summing up the local y-components 
of stress multiplied by increments of cross-sectional areas on 
which they act and by dividing this sum by the total area; or 
symbolically in integral form, neglecting shearing stresses, 


Pa a,dA 
A J A=0 


While it has been said [4] that slip-line solutions are not neces- 
sarily unique, i.e., other slip-line fields may apply to a particular 
problem, as for example those proposed by Green [5] for smooth 

will assume that the fields of Fig. 7 are possible 
Inspection of these figures reveals that the extent of 
the plastie zone depends on the flash height h and that the pres- 
sure on the limiting lines increases with decreasing h because of 


wedges, we 


solutions. 


the fact that @ is increasing with decreasing h. 


Boundary Conditions for Construction of Slip-Line Fields 


The flash metal, during the forging process, is subjected to 
two boundary conditions; namely, the condition that ¢, = 0 
at the free outer edge of the flash metal which has already been 
referred to in the previous section, and the condition of sliding 
along the die surfaces, which may be assumed to involve Coulomb 
friction between die land and flash metal. 

Referring to Fig. 9, the limiting lines OA and 0’A along which 
o, = 0, are drawn as before and intersect at the stress-free edge 
OO’ at an angle of 45 deg. The intersections of two boundary 
surfaces, i.e., die land and flash edge, demand that O and O’ be 
singular points, since the state of stress at O or O’, as is derived 
from one boundary condition, is different from the other (except 
in the frictionless case). This suggests that slip-line patterns, 
starting from this limiting line, form centered fan-type solutions 
with O and O’ as centers. 

The condition of friction along the die surface determines the 
angle at which slip lines intersect this boundary. Let it be as- 
sumed now that Coulomb friction along the flash-die interface 
is given by a constant coefficient of friction uo. The slip line AB 
can then be extended to the boundary surface with a straight 
line BC. This satisfies the condition that the coefficient of fric- 
tion uw along OC be constant. The angle @) at which the slip 
lines intersect with the boundary, i.e., the die surface, is uniquely 
determined for a given coefficient of friction uo in the following 
manner as was suggested by Hoffman and Sachs [6]. Let the 
state of stress at the die surface be represented by the point Y on 
Mohr’s diagram shown in Fig. 10. At Y 

—p +k sin 20 
—p —ksin2 (13) 


—k cos 26 


| 
\ 
( 


and the coefficient of friction along the die surface fo is given by 


k cos 


My = tan p = - 
p +k sin 24 


for OS <45deg (14) 


Nquation (14) is the relationship between po and the corre- 
sponding angle % and p can be evaluated from the slip lines as 
described earlier. 
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Fig. 11 shows the variation of interfacial friction along the die 
land OC for various intersecting angles. It may be seen from 
this figure that for the condition of no friction 4 = 0, the slip 


line intersects the boundary surface at 45 deg and when slip 


lines are tangent to the surface @ = 0, it corresponds to fo = 
0.39. Therefore, for 0 < po < 0.39, the possibility exists that the 
construction of slip lines can be extended toward the center of 
the body of the forging from the initial slip lines which are so 
drawn that these slip lines satisfy both the stress-free edge condi- 
tion and the friction condition at the die-flash interface. In these 
cases 0 for a given fo must be uniquely determined by equation 
(14). 

For the condition when po>0.39, i.e., the so-called perfectly 
rough surface, slip lines may be tangent to the die surface in a 
similar manner, as for the case when uo = 0.39. However, the 
present boundary condition, in which it is assumed that a stress 
free edge exists in the flash, apparently cannot be satisfied. 

A probable slip-line pattern for the condition of high friction, 
fly = 0.39, is shown in Fig. 12 (see column c of Table 1) and is the 
same type of solution first proposed by Prandtl [7] and later 
improved upon by Hill, et al. [8] and others [9, 10]. 


Hodographs 


The hodographs corresponding to the slip-line fields of Fig. 7 
are given in Fig. 13. These diagrams depict the metal flow dur- 
ing an assumed pseudosteady-state condition. These lines are 
transformed slip lines and satisfy the assumed continuity condi- 
tions, while the slip lines, as already mentioned, satisfy the equilil- 
rium conditions for the stresses. The hodographs can be con- 
structed in a manner similar to the slip lines, but for the sake of 
brevity they will not be discussed in detail here. Let it suffice 
to say that the pole of these figures is the origin from which the 
Fach intersection 
of lettered and numbered lines is identified on these diagrams as 
the corresponding intersection of numbered and lettered lines in 
the slip-line fields of Fig. 7. In order to obtain the particle 
velocity at any such intersection, it is merely necessary to con- 
nect the pole to the intersection of the lines with a straight line. 
Its direction and magnitude can then be scaled off. The velocity, 
vectors in Fig. 14 were obtained in this manner. It should be 
noted, however, that these velocity fields do not agree with the 
experimentally determined velocity field shown in Fig. 3. This 
is due to two principal reasons; namely: 

1 The velocity field of Fig. 3 was obtained with a forging 
having axial symmetry and cannot be compared with those in 
plane strain directly. This is so because continuity demands that 
for a given die velocity u, the exit velocity at the die edge U 
for plane strain must be twice as large as that for axial symmetry. 

2 The slip-line solution of Fig. 7 and the corresponding hodo- 
graphs and velocity diagrams of Figs. 13 and 14, respectively, 
were obtained by considering the dies as remaining in a fixed 
position. This, in effect, means that material is assumed to enter 
the fixed plastic zone bounded by the limiting shear lines in the 
body of the forging at velocity u under steady-state conditions. 
Hence the velocity patterns are in reality those which corre- 
spond to a sidewise extrusion rather than those of a forging. 
While it appears possible, at least in principle, to construct other 
slip lines more appropriate for forgings, the solutions given here 
are probably not far from the truth. 


instantaneous particle velocities are scaled off. 


The hodograph, velocity diagrams, and the slip-line pattern 
Fig. 12, for a rough surface, i.e., w = 0.39, are given in Fig. 15. 
This solution unlike those of uw = 
sumption of a stationary die. 


0, does not require the as- 
Hence the instantaneous velocity 
vectors, except for magnitude due to plane-strain condition and a 
difference in the coefficient of friction, should agree more closely 
with the experimental patterns given in Fig. 3. 
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Fig. 10 Mohr's circle diagram for shear lines shown in Fig. 9 
Fig. 9 Possible construction of shear lines in flash with » > O 


0.4 


Fig. 12 Slip-line field for a press forging in plane strain with rough 
die lands (u = 0.39) 


40° 45° 


Fig. 11 Coefficient of friction 4) between die land in flash as function of 
angle of intersection between die land and a second shear line 


Fig. 13 Hodographs of press forgings in plane strain based on slip-line theory. See Table 1 for conditions. 
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Fig. 14 Direction of velocity vectors of a press forging in plane strain 
based on slip-line theory. See Table 1 for conditions. 


Discussion 


In order to get a close comparison between experiment and 
theories, the velocity fields are brought together in Fig. 16. It 
is at once evident that the slip-line solution overestimates the 
extent of the rigid material, but that on the whole either theory 
gives a good estimate of the velocity distribution in the body 
and flash of a press forging. 

For purposes of comparing the pressures from the approximate 
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Fig. 15 Slip-line solutions for a press forging in plane strain with rough 
die lands (u = 0.39). (a) Direction and magnitude of velocities; (b) 
hodograph; (c) slip-line field. See column c of Table 1 for conditions. 


solution with those calculated from the slip-line solutions, the 
local components of stress —o, were calculated with the aid of 
equation (7) and with the slip-line solutions of Figs. 7 and 12, 
respectively. The results are given in Figs. 17 and 18. The 
critical shearing stress was taken as k = &/+/3 for the slip- 
line solution which for the case of « = O requires that both solu- 
tions yield the same value of —a, at the edge of the flash, where 
x/(l,;/2) = 1. It is seen that both solutions predict a constant 
pressure —g@, in the flash region and that the pressure rises to a 
maximum at the center of the forging. In all cases, it is evident 
that the slip-line solutions vield slightly lower stress distributions 
than those of equation (7). It also may be observed that the 
slip-line solutions show some discontinuities at the die edges as 
well as some constant-pressure regions within the body of the 
forgings. In spite of these differences, however, the same trend 
in the pressure distributions exists for both theories. For the 
case when the coefficient of friction uw is not equal to zero, equa- 
tion (7) predicts a rising pressure in the flash as one travels from 
the edge toward the center. The proposed slip-line solution for 
this particular configuration, on the other hand, gives constant 
local pressures in the flash region but these pressures appear to 
increase with increasing friction. 

In order to compare slip-line solutions with axial symmetric 
pressure distributions, equation (4) was used in the calculation 
of approximate pressures. These results are shown in Fig. 19 
for several coefficients of friction uw. It is to be noted that these 
curves are nearly identical to the plane-strain pressure distribu- 
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Fig. 16 Comparison of particle velocities in a press forging. (a) Ex- 
periment with lead, axial symmetry; (b) theoretical fictitious disk theory, 
axial symmetry; (c) slip-line theory, rough die (u = 0.39), plane strain. 


tion except that the axially symmetric curves are slightly lower. 
This is due to the fact that in the plane-strain problem greater 
restraint exists as, for example, at the die edge. Hence for the 
plane-strain case the value of —oa, must be equal to 2¢/1/3, 
-n order to initiate plastic deformation, which in the axial-sym- 
metric case requires—o, to be equal to &. This difference in 
stress at the die edge is 15.5 per cent and changes but. slightly 
the curve of the pressure distribution as a function of r/rg. 

Let it be assumed now that the slip-line field in plane strain 
can be applied to a problem in axial symmetry, providing that 
the proper boundary conditions are satisfied. This requires for 
the case of frictionless sliding in the flash region u = 0, that the 
local pressure — o, be the same as in the approximate solution, 
since both are under the influence of zero restraint. Hence it is 
required that the maximum critical shearing stress for the slip- 
line solutions take on values of k = @/2. Referring to the 
figures, it is again seen that the pressure distributions show the 
same trends as for plane strain but do not exactly reproduce each 
other, for the reasons already discussed. 

Figs. 20 and 21 show the average forging pressures which were 
computed using equations (9) and (6), respectively, for the ap- 
proximate solutions and by a graphical integration using equa- 
tion (12) and the respective local pressure distributions from the 
slip-line solutions. The values for the slip-line solutions for the 
same m = h/ho are also compared with the approximate solutions 
in Table 1. It is to be noted that a direct comparison for the 


case of variable friction was made only for the values given in 
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Fig. 17 Theoretical local dimensionless forging pressure distributions 
for several stages in a press forging in plane strain with zero friction be- 
tween die land and flash. See Table 1 for conditions. Values of h are 
(b) 1.178 in., (c) 0.751 in., (d) 0.297 in. 


column ¢ of Table 1 for both plane strain and axial symmetry. 
This is due to the fact that the configuration of body and flash 
of a forging on the central plane must be the same, in order to 
permit direct comparison. It is to be noted that the slip-line 
theory predicts slightly lower forging pressures than the ap- 
proximate solution for all conditions investigated, but that both 
theories predict lower average forging pressures for plane strain 
than for axial symmetry. 

In order to obtain good reproducibility and filling of the die 
cavity by the body of the forging, it seems desirable that the 
local forging pressure be approximately constant over the cross 
section of the forging. Let us, therefore, investigate the fune- 
tion of the flash in a forging, with respect to the local pressure. 
Referring to Fig. 17, it is seen that for the case when wp = 0, 
increasing the flash length results in a higher local pressure in 
the center of the body of the forging, but does not affect the 
local pressure near the die edge. Hence an increased flash radius 
or length merely increases the total forging load without vielding 
any real benefit in the ability to obtain a uniformly good im- 
pression. If the die lands are roughened, on the other hand, the 
local pressure in the body tends to a higher but more uniform 
distribution. This should tend to produce a better impression 
in the forging. Increased flash length is helpful, but it appears 
possible that a flash may be made to flow from the body of the 
forging in such a way that restraint and friction are induced, 
without raising the forging load unnecessarily high. Further in- 
vestigations will be required to explore this possibility. 


Conclusions 


1 Experimentally determined velocity patterns of an  axi- 
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Fig. 18 Theoretical local dimensionless forging pressure distributions 


in a press forging in plane strain with variable friction between die land 
and flash. See column c in Table 1 for conditions. 
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Fig. 20 Comparison of theoretical dimensionless average forging pres- 
sures in a press forging in plane strain. See column c in Table 1 for 
conditions. 
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in a press forging with axial symmetry with varying friction between 
die land and flash. See column in Table 1. 
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Fig. 21 Comparison of theoretical dimensionless average forging pres- 
sure in a press forging having axial symmetry. See column c in Table 1 
for conditions. 
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Table 1 Comparison of slip-line solutions with approximate solutions 


_, (A) 
| Axial symmetry Plane strain 
31 | la 31 
= = | —- = = 5 
rd = 35 (= 0.96875 in.) | 3 = 39 (= 0.96875 in.) 
| ho = 2.00 in. | ho = 1.22 in. 
= ra/ho = 0.480 n = la/2 ho = 0.793 
a b c d | a b c d 
h, in. 1.937 1.178 0.751 0.297 | 1.9387 1.178 0.751 0.297 
ry and l;/2, in. 0.983 1.26 1.57 2. ca 1.005 1.57 3.98 
m=h/ho | 0.969 0.589 0.376 0.149! 0.965 0.615 0.243 
ry/handl;/2h | 0.507 1.07 2.09 8.42 | ... 0.853 2.09 13.4 
Po/@ po/@ 
Slip-line | | 
theory | | 1.42 1.51 1.51 


Disk | | 
theory | bas 


Slip-line | 
theory 

Disk 
theory 


Slip-line 
theory 
w= 0.39 
Disk 
theory 


1.61 1.61 


96 


2.16 


2.30 


Nove: | Slip-line patterns are the same for axial symmetry, and plane strain when 
= 


symmetric lead forging seem to confirm that the plastic zone is 
concentrated in a narrow region, which can be approximated by a 
disk. 

2 Theoretical magnitudes and directions of velocities based 
on the disk model are in nearly exact agreement with experi- 
mental velocities, while the velocities derived from slip-line solu- 
tions are in substantial agreement, but the solution for high 
friction underestimates the extent of the plastic region. 

3 The theoretical local pressure distributions and average 
forging pressures show the same trends, but the pressures calcu- 
lated from the slip lines are slightly lower than those obtained 
using the approximate solutions. 

4 From the theoretical analysis, it appears that the local 
pressures near the die edge do not increase materially with flash 
width nor flash height for the ease when little or no friction 
exists between the die land and flash surfaces. It appears that 
the pressure may be increased, however, by increasing the fric- 
tional resistance to flow between these surfaces and thereby 
improving the over-all ability to obtain a good impression of the 
die cavity in all parts of the body of the forging. 
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Theory and Experiment of Press Forging 
Axisymmetric Parts of Aluminum and Lead 


The mechanics of finishing in a press-forging operation were analyzed. It was con- 


cluded that the metal in the die, as well as that contained in the flash, could be treated 
as a fictitious disk which is subjected to compression between flat surfaces under variable 
surface friction. Comparison of experimental average pressures with those predicted 


= forging in closed dies is one of the important 
operations in the shaping of metals and their alloys into useful 
objects. While harnmer forging appears to have had its beginning 
in prehistoric times [1],° closed-die forging may be considered to 
have started in the 1850's, when the Colt Arms Company in the 
United States produced firearms on a drop hammer [2]. It was 
not until 1861, however, that press forging was apparently first 
applied when the Englishman John Haswell developed in Austria 
a successful hydraulic press for the production of locomotive parts 
(3, 4]. Thus press forging, the process of relatively slow squeez- 
ing of metals in closed dies into finished and semifinished prod- 
ucts, Was born less than a century ago. 

While press forging as a manufacturing technique since its in- 
ception in the middle of the past century has undergone a fruitful 
period of development, the mechanics of this process are still in- 
completely known. Hence press forging is vet more an art than 
it is a science, and the functional relationships of the forging 
variables are not known completely. Much of the prediction of 
metal movement and forming loads in new applications of press 
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by the foregoing simplified theory showed good agreement. 


forging is obtained by relatively inaccurate calculations, trial- 
and-error methods, or empiricisms—often involving guesses based 
on past performance of similar design of product and material. 
Hence a better understanding of the forging mechanista leading 
to more precise methods of prediction of the forming variables, 
notably the forming pressure, appears to be a goal worth achiev- 
ing. 

Following the formulation of the mathematical relationships of 
plastic behavior of metals subjected to combined stresses which 
resulted in theories of plasticity, several notable attempts have 
been made to analyze the press-forging process. Prandtl [5] 
analyzed the compression of an ideal plastic solid in plane strain 
between rough dies and obtained a rigorous solution for the stress 
distribution and average forging pressure. This case was later 
reconsidered by Hill [6], also Green [7], Alexander [8], 
and Bishop [9]. Other more approximate solutions which are 
based on simpler states of stress were proposed by Siebel [10], 
Nadai [11], Sachs [12], Schroeder and Webster [13], Hoffman and 
Sachs [14], and Stone [1]. In these latter cases, however, the 
forging consists of a flat plate or solid disk and the results ap- 
parently are applicable to the metal contained in the flash of a 
press forging rather than the forging itself. Dietrich and Ansel 
{15], recognizing this fact, applied some of the foregoing analyses 
to various portions of a real and rather complex forging and 
found a composite solution. These authors claimed that their 
solution was confirmed by experiment with an accuracy of +20 
per cent in spite of the fact that plane-strain conditions were as- 
sumed, an estimated constant coefficient of friction was used, 
and the metal flowing from a larger section to a smaller section 
Was treated as an extrusion in determining back pressures. 

The purpose of this paper is to reanalyze the forging process for 
a press forging having axial symmetry and to compare the solu- 
tions with new experimental data. 


plastie-strain components in T,, = shear-stress component on h, ho = instantaneous and _ initial 
= 2,96, r cylindrical co-ordi- the z-plane and in the r flash height, in. 
€, nate directions, respec- co-ordinate direction |, = initial length of forging 
tively Tacs critical instantaneous shear- — dimensionless ratios of r,/he - 
= effective plastic strain and effective stress, forging load, Ik 
plastic-strain rate, respec- r, = die radius, in. Pp, = average forging pressure, psi 
r instantaneous radius any- coefficient of friction, 
where in flash or body of F force due to internal stresses 
normal stress components in forging, in. (subscripts refer to direc- 
08, 2, 8, r eylindrical co-ordi- dr small increment in- tion), lb 
nate directions, respec- finitesimal quantities of ba angle of annulus of segment 


tively, psi 
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Theory of Forging 


Press forging usually requires a number of preliminary opera- 
tions such as edging, fullering, and blocking in which the forging 
progressively is brought closer to its final size. After the blocking 
operation, the rough forging nearly fits the finishing die and a 
close impression is obtained by squeezing the excess metal of the 
rough forging into a flash through the space between the closing 
dies. The finishing operation determines the quality of the forg- 
ing since it is here that the rough forging is made to fit the die and 
assume its final dimensions. The flash, which will be removed 
from the forging later by a trimming operation, will attain a cer- 
tain thickness which is determined by the final height (flash 
height) between the closing die halves when the finishing opera- 
tion is completed. It is in this last operation that appreciable 
metal flow occurs in the region of the flash opening as the metal 
is discharged into the flash from the die cavity; the metal in the 
forging itself, however, only undergoes minor deformations in fill- 
ing the die cavity. This operation, too, requires the greatest 
forging force, since that force will be determined by the total 
projected area of the flash land and the die cavity and by the 
pressure distribution over this area. The following analysis on 
press forging will be restricted to the finishing operation. 

Let Fig. 1 represent a press forging at a particular stage of 
deformation. Assume also that the forging has been blocked and 
that the operation in question is a finishing operation. Conse- 
quently, to at least a first approximation, it may be assumed that 
the metal in the body of the forging is rigid and that all plastic 
deformation occurs in a fictitious disk of thickness h. This as- 
sumption is approximately confirmed by consideration of a 
probable slip-line field in plane strain. It is possible, therefore, to 
treat an axisymmetric press forging as a disk having thickness 
equal to the instantaneous flash height A of a real forging. 

The fictitious disk in the press forging is subjected to variable 
friction on its surfaces, as follows: 


(a) Friction below the rigid metal in the forging itself which is 
due to metal shearing. 

(6) Friction in the flash which is due to metal sliding over the 
die surface and depends on the friction characteristics of these 
surfaces, 


Let Fig. 2(a) represent the disk in the body of the forging before 
commencement of deformation and Fig. 2(6) the disk correspond- 
ing to that stage of deformation shown in Fig. 1. It is assumed 
that the edge of the disk remains square, i.e., barreling is absent, 
and further that the stresses are principal stresses and that the 
stress ratios during the entire deformation remain constant. 
Under these conditions the finite plastic strains, €,, €9, and €, in 
cylindrical co-ordinates may be determined for any elemental 
volume in the disk at distance r from the axis; namely 


= 


However, since for each elemental volume, constancy of volume 
deformation must be satisfied, therefore 


= hrrér, 


h or OF 


l= 
ho To bro 
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Fig. 1 Diagrammatic sketch of press forging with axial symmetry 


Fig. 2 Fictitious wedge in a press forging before and after deformation 


and 


h or 
In j + In + In =e +t+eart+e =0 (2) 


To dre 


Under the condition of absence of barreling, each element in 
the disk must deform as the disk as a whole deforms. Since 
= wrth, 


therefore 


= 
To 


Hence, substituting equation (3) into the constant-volume equa- 
tion (2) results in 


(4) 


from which the plastic strains in terms of flash height are given 
by 


aucust 1959 / 229 


/ / A 
ff 
fy 
| 
h 
—, 
he 
2ar r \? 
= In. = In —, | (1) 
ro h ro 
| 
lo 
or 
a 


| 
(5) 
1 1 h 
= = —— lh—. 
9 


2 “ ho 


Substituting these values into the expression for effective strain 
yields —e, = é, where 


2 | (€, — €)? + (€ — + (€, — €,)? 
é (6) 
3 L 2 


The fact that the deformation mechanism in the foregoing 
analysis was oversimplified will be readily seen later, when the 
roll-out or unfolding of the flash in the early stages of deformation 
is shown. Consider now the force system resulting from the uni- 
form stress distribution due to normal stresses and shearing 
stresses on the faces of a sector of an annulus of thickness 6r, 
height A, and angle é@, as shown in Fig. 3. The forces in terms 
of stresses are given by 


= o,rhéa, 
re) 

F, = o,rhda 4 (o,rhda)dr, | 
r 


I’; = po,ardr, 


F, 


= oghdr, 


where the force F's results from the frictional drag on the top and 
bottom surfaces of the sector, due to the coefficient of friction yp, 
which is given by 
T,,0ardr 
= = (8) 
N o,bardr 
Iquilibrium in the radial direction demands that the sum of 
the forces in the radial direction be zero; namely, 


= 
SF, (o,6arh)dr 
Or 


v 
2oghdr sin — 2(uo,dardr) = 0. (9 


If h and 6@ are not functions of rand if da + 0, then equation (9 
will reduce to 


da, 
r 06 
dy 


Since the assumed deformation is symmetrical when ¢ = €,, 
therefore the plasticity equations demand that ¢, == o@, and thus 
equation (10) reduces to the following differential equation: 


lo 2uo 
dr h 


The friction stress wo, can take on different values in the disk. 
If the disk is within the die, the metal forms a continuous struc- 
ture and, in order that the disk may move, the friction force must 
be sufficient to permit shearing on both of its faces. On the other 
hand, if a portion of the disk has left the body in the form of a 
flash, then the friction force on this part of the disk will depend 
on the degree of lubrication between flash and disk and, unless 
welding occurs, will be less than would be required for metal shear- 
ing. Before integrating equation (11) under the foregoing bound- 
ary conditions it can be transformed as follows: Inasmuch as the 
effective stress, which is the instantaneous flow stress under the 
assumption of absence of shear stresses is given by 
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Fig.3 Forces acting on a sector of small annulus in fictitious wedge of a 
press forging 


k — 09)? + — o,)? + [o, — a 


which reduces, for the case when a, = 9@, to 
0, (12) 
hence the differential equation (11) takes the following form: 


la 2 do. 
o, h 


For the portion of the sector of the disk contained within the 
forging die, i.e., 0 <r < ry, the restraining force on the surfaces of 
the sector is equal to the critical stress of the metal 7,,, multiplied 
by twice the projected area of the forging on which it acts. This 
shearing stress is assumed to act on small surface lavers of the 
disk, on which the normal stress —o, is a hydrostatic pressure; 
i.e., 0, = = op. Hence & = (87,,?)/%, or 7, = = 

(1/+/3) &. Substituting this relationship into equation (13) 
results in the differential equation, 


2 6 


de, = 
VS h 


(14) 


Under the assumption that & is not a function of r, equation (14) 
‘an be integrated and the boundary condition, ¢, = (¢,),, at 
r = r,, can be substituted, hence 


- — (15) 


For the flash of the forging, which is represented by the metal 
between r = rz andr = r,, the coefficient uw is assumed to be 
constant, but less than that required to cause plastie deformation. 
Hence integration of equation (13), using the boundary condition 
that o, = Oatr = ryand hence —o; = 6G, vields 

Gy) 
—o. = Ge h ; ( 16) 
The total load in the forging, at any stage of deformation, is given 
by 


—L = 29 > (rg — 17) — | rar 
Jo LV3 A 
ry 2u 
rd 


Integrating equation (17) again under the assumptions that h, 
G, and w are not functions of r and dividing through by the total 
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| 
F “ 
\ 
\ ¥ 
| = 
: 
(7) 
h 


projected area and the flow stress &, the following equation for the 
average dimensionless forging pressure is obtained: 


2 \ur, h h 
h d 
yh 


Kquation (18) can be used for computation of the maximum forg- 
ing pressure for any practical case, when the flash radius r,, for 
example, becomes the radius of the flash-relief trough and takes 
on a fixed value in any particular die design. However, for our 
present purpose of comparing experimental pressures during 
continuous forging tests with the theory, where r, is a variable, 
it will be more convenient to transform equation (18) to read 


1 
2un 2un — ) ‘ 


) 2/3 (19) 
9 mj 


where 
m = h/ho and n = rg/ho 


However, when the coefficient 4 is equal to or greater than that 
required to cause plastic deformation, i.e., when the shear stress 
at r = rg computed by equation (16) is equal to or greater than 
the shear strength of the material, then sticking occurs in the 
flash. In this case the process becomes one of press forging of a 
disk, and equations (15), (16), and (18) reduce to those of 
Schroeder [13], where ro is the limiting radius beyond which 
metal sliding occurs; namely, 


» when m <r 


when 


— 


O02 04 06 10 
m =h/ho 


Fig.4 Average dimensionless press-forging pressures (p./a) as functions 
of dimensionless flash-height ratios (h/hy), for various coefficients of 
friction 4 and for ratio of die radius to flash height (ri/h)) = 1.93 
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where 


h 
| 


The functional relationship between the dimensionless forging 
pressure and m for various coefficients of friction and one parame- 
ter n are given in Fig. 4. The limiting conditions between which 
any experimental data must lie are indicated by the curves u = 0 
and w = 1/+/3 = 0.577. 


Experimental Apparatus and Technique 


In order to test the applicability of equation (19) to press 
forging, the following experiments were carried out: Commer- 
cially pure lead and commercially pure aluminum (1100-0) were 
selected as representative examples of materials which could be 
hot-forged (lead) and cold-forged (aluminum), respectively, at 
room temperature. Cylindrical forging specimens having a 
1/,--in. diameter, were varied in length from 3.5 to 5 in., to per- 
mit variation in initial flash height. The specimens were pre- 
pared as follows: Pig lead was cast into 4-in. molds and extruded 
into 2-in. cylindrical bars, prior to being machined into test 
specimens. Annealing was done at room temperature. Alumi- 
num specimens were prepared from 2-in. rolled bars in the F- 
condition, annealed at 650 F in an electric furnace, and then 
machined. The forging dies consisted of hardened die rings 
having cylindrical die cavities ground to a diameter of 1'°/j9 in. 
The dies, specimen, closing plates, and spacers are shown as- 
sembled in Fig. 5. 

It may be seen that the forging apparatus was constructed in 
such a manner that a number of forging variables could be in- 
vestigated, as for example, effeets of flash-land width, die-filling 
ability, and others. In the present experiments, however, «ll 
tests were performed with solid die spacers and for the present 
the only variable investigated was the initial flash height ho, 
which was obtained by varying the length of the specimens. 
The forging tests were carried out at essentially constant crosshead 
speeds of the hydraulic testing machine, which resulted in varying 
strain rates in the flash of the forging easily determinable from 
the instantaneous crosshead speed and flash height h. 

The plastic-flow properties of the lead and aluminum, required 
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Fig.5 Forging dies and specimen in position fortesting. 
B—land ring, C—specimen, D—die, E—backup plate. 
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to evaluate & of equation (19), were obtained from 1-in-diam X 1- 
in-long cylindrical specimens in compression tests between lapped 
flat dies. The ends of the specimens were grooved and lubricated 
to prevent barreling, [16, 17, 18]. All tests were carried out in 
such a manner that the strain rates remained essentially con- 
stant. This was accomplished by adjusting the crosshead speed 
of the testing machine continuously during each test as a func- 
tion of instantaneous specimen height. Typical effective-stress 
effective-strain and effective strain-rate curves are given in Figs. 
6 to 8, inclusive. It is again seen that while aluminum, Fig. 8, 
showed no effects of strain rate on the flow stress for the low 
strain rates investigated [18], lead, on the other hand, shows a 
strain-rate effect as well as a strain effect. 

Undulating stress-strain curves similar to those of Fig. 6 were 
observed earlier [17], and it was suggested that the effect was 
possibly due to a combined effect of work-hardening and re- 
crystallization. In order to permit the evaluation of the flow 
stress of lead under various conditions of strain and strain rate, 
the average curves of Fig. 7 were drawn through the experimental 
points. From these an approximate flow stress @ could be 
evaluated by cross plotting the data for any condition of strain 
and strain rate encountered in the present forging tests. No 
strain-rate effects needed to be considered for the aluminum forg- 
ing tests, as may be seen from Fig. 8, since & can be uniquely de- 
termined by the effective strain alone. 

It is of interest to note that the aluminum test data gave the 
same equation, ¢ = Cé®%*), as was obtained with earlier com- 
pression tests in connection with extrusion studies [18], except 
that the magnitude of the constant in the present case is only 
25,800, while in the 32,000. This anomaly 
was thought to be due to incomplete annealing as a_re- 
sult of relatively low strains in the 6-in. aluminum extrusions, 
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Fig. 6 Typical effective-stress effeciive-strain curves of commercially 
pure lead in compression at constant strain rates 


Test conditions: 1l-in-high 1-in-diam cylindrical specimens 
Lubricant: 


White lead in grooves at ends of specimens 
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Fig. 7 Average effective-stress effective-strain curves of commercially 
pure lead in compression at various strain rates 


Test conditions: 1-in-high X 1-in-diam cylindrical specimens 
Lubricant: White lead in grooves at ends of specimens 


from which the compression specimens in the earlier tests were 
machined. 

To evaluate the friction characteristics of the metals in the 
flash sliding over the forging dies, some friction studies also were 
made. These were performed in the friction apparatus shown 
schematically in Fig. 9. Cylindrical specimens of lead and 
aluminum were machined to predetermined diameters in order 
that various strains could be realized when the specimens were 
subjected to compression loading. As a result of the plastic de- 
formation the specimens then fitted the pusher shown in Fig. 9. 
The surfaces of the specimens and the lapped and parallel surfaces 
of the friction apparatus were then cleaned (after removal of 
load) and provided with fresh lubricant. Following this, the 
specimens were replaced in the apparatus, reloaded to the former 
load before removal for cleaning, and the force required for 
steady-state sliding was determined. 


The results of this pre- 
liminary study are shown in Table 1. 


Experimental Results and Discussion 


The results of the press-forging tests are given in Figs. 10 to 16, 
inclusive. The solid lines are the theoretical curves, equation (19), 
while the symbols represent the experimental data of one or more 
continuous forging tests. The dimensionless pressure ratios were 
obtained by dividing the actual average pressures observed in the 
experiments by the flow stresses @ at the same strains and strain 
rates used in the compression tests as those which were maintained 
in the actual forging tests. Under these conditions it is at once 
evident that agreement between theory and experiment is good 
but not perfect. The experimental points of lead and aluminum 
appear to be nearly parallel with the theoretical curves at 
moderately high strains; i.e., low values of h/ho, with w ~ 0.2. 
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Fig. 8 Effective-stress effective-strain curves of commercially pure 


aluminum (1100-0) in compression at various strain rates 


Test conditions: 1-in-high X 1-in-diam cylindrical specimens 


Table 1 Some preliminary friction studies with commercially pure lead and commercially pure aluminum (1100) between flat dies 


Diameter 
of cylind. Effective |= Normal 


Test specimen, — strain force, Friction force, Coeff. of | Condition of ends Lubrication of dies 
Material no. in. é Ib. friction of specimens and specimens 
Lead 1 1.12 0.23 1300 200 0.08 Spiral grooves White lead in oil. | Thick 
film applied 
2 1.35 0.60 1370 210 0 08 Spiral grooves White lead in oil. Thick 
film applied 
3 1.12 0.23 1310 100 0.04 Plain White lead in oil. Thick 
film applied 
4 1.35 0.60 1290 150 0.05 Plain White lead in oil. Thick 
film applied 
5 1.12 0.24 1350 575 0.21 Plain None 
6 1.35 0 60 1400 590 0.21 Plain None 
Aluminum 10 1.12 0.12 17400 640 0 02 Spiral grooves Graphite in oil. Thick film 
applied 
11 LI 0.14 17350 990 0.03 Plain Graphite in oil. Thick film 
applied 
12 1.12 0.47 19200 800 0 02 Plain Graphite in oil. Applied 
then wiped clean 
13 O47 19200 5500 0 14 Plain None 
14 18200 8000-18500 0.22 Start Plain dies were covered 
0.50 End with some smear metal 


cylindrical specimens were washed in CCl, before each test. 
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Lubricant: Graphite in oil in grooves at ends of specimens 


Norte: All specimens were compressed to strains indicated at an approximate strain rate of 0.1 to 0.2 in/in per min. Dies and ends of 


Lubrication was then applied as indicated. All coefficients of friction were 
evaluated during short movements of the specimens of approximately ! 


The dies were finish-lapped to 3-4 microin. roughness and the specimens were moved perpendicular to the lay of the lapping marks 


LAY OF LAPPING MARKS 
3-5 MICRO INCH FINISH 


LO 


SPECIMEN 
LO 
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F= FRICTION 
FORCE 
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Fig. 9 Diagrammatic sketch of friction apparatus for determination of 
coefficients of friction 


The extent of deformation achievable in the forging tests of 
aluminum was lower than that with lead, because of the fact that 
the forging load was limited by the 400,000-lb testing machine 
available. Consequently a check between theory and experi- 
ment with aluminum was possible only for a relatively short 
range of deformation as indicated by the figures. 

Figs. 10 to 16 also reveal that all experimental points at the 
beginning of each forging test fall below the theoretical curves. 
This departure of experiment from theory is apparently due to 
two major causes: 


1 The increase in the area of the flash in actual contact with 
the land of the die is smaller, due to barreling, than would be 
calculated from constant-volume relationships. 


2 Shearing of the metal is not confined to a thin layer of metal 


at start ol test 


« to '/s in. at a slow constant speed of approximately 2-4 ipm. 
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Fig. 10 Average dimensionless press-forging pressures (p./a), as 
functions of dimensionless flash height (h/h,), for commercially pure 
lead forged at room temperature, with ratio of die radius to initial flash 
height (r.;/h,) = 1.94 
ho = 0.50 in. 


1.0 


Test conditions: 


Td 
Lubricar White lead in oil 


0.6 
Fig. 12 Average dimensionless press-forging pressures (p./@), as func- 


tions of dimensionless flash height (h/h,), for commercially pure lead 
orged at room temperature with ratio of die radius to initial flash height 


0 0.2 0.4 0.8 


(rif hy) 


Test « 


0.65 
tions: hy 


nad 
ond 


1.50 in. 
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Lubricant: White lead in oil 


of the torging in contact with the die, but in the initial stage of 


deformation occurs throughout the flash metal. 


The nonideal behavior of deformation actually taking place is 
illustrated in Pig. 17, 
the 
severe barreling of the flash metal contained in the initial right 


It. is evident that the neglect of shearing 
stresses in initial stages of deformation is incorrect, since 
cireuiar evlinder of height ho takes place. Hence the constant- 
volume relationship, h/ho = (rg/r,)?, cannot be used in calculating 
the area over which the pressure p, acts. However, a simple 
partial correction of p, is possible, by measuring the actual con- 
tact area of the flash and dividing the observed load by this area. 
This has been done to the data shown in Fig. 12 and the results are 
Is. 


given in Fig It is seen that the theoretical curves in the 


initial stages of deformation are now in closer agreement with the 
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Fig. 11 Average dimensionless press-forging pressures (p./7), as func- 

tions of dimensionless flash height (h/h)), for commercially pure lead 

forged at room temperature, with ratio of die radius to initial flash height 

(raf hy) = 0.99 

Test conditions: ko = 0.98 in. 
31/39 in. 


Lubricant: White lead in oil 


0 0.2 0.4 0.6 0.8 

m = h/No 
Fig. 13 Average dimensionless press-forging pressures (p./a), as 
functions of dimensionless flash height (h/hy)) for commercially pure 


lead forged at room temperature with ratio of die radius to initial flash 
height = 0.48 


Test conditions: ho 


1.0 


= 2.00 in. 
rq = in. 
Lubricant: White lead in oil 


experimental points, but that the corrections do not eliminate 
completely the nonideal behavior of the flash metal, at magni- 
tudes of h/ho near unity, which is caused by internal shearing. 
In order to study the effects of lubrication on the forging pres- 
sures some preliminary tests were made with lead for various 
surface conditions. The results are shown in Fig. 19. It is seen 
that lead evidently has little tendency to weld to the die surfaces 
and that a dry surface causes no greater friction than a well- 
It apparently shows also that a copious supply 
of lubricant appears to be ineffectual, since the flash, in squeezing 
itself through the flash opening, wipes the die surfaces clean. 
Hence the metal flowing from the forging into the flash space, 
except for the initial folding, consists of unlubricated nascent 
The coefficient of friction in forging, therefore, 
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Fiz. 14 Average dimensionless press-forging pressures (p./3), as func- Fig. 15 Average dimensionless press-forging pressures as 
tions of dimensionless flash height (h/ho), for commercially pure alumi- functions of dimensionless flash height (h/h)), for commercially pure 
num (1100-0) forged at room temperature with ratio of die radius to — giyminum (1100-0) forged at room temperature with ratio of die radius 
initial flash height (ra/h)) = 2.00 to initial flash height (rz/ho) = 0.97 
Test conditions: ho = 0.48 in. Test conditions: ho = 1.00 in. 
fd 31/39 in. rd = ™"/39 in. 
Lubricant: Graphite in oil Lubricant: Graphite in oil 
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@—-specimen 9 
O--specimen 11 


On 


Fig. 16 Average dimensionless press-forging pressures (p./@), as 
funciions of dimensionless flash height (h/h)), for commercially pure 
aluminum (1100-0) forged at room temperature with ratio of die radius 
to initial flash height (r2/h,) = 0.48 

= 2.00 in. 
ra = 91/39 in. 
Lubricant: Graphite in oil 


Test conditions: ho 


Fig. 17 Typical actual shapes of flash of commercially pure lead test 
specimen at various stages of forging test at room temperature as de- 
termined from photographs taken during test (ru/h.) = 0.65 


X-—specimen 20 


specimen 22 


Journal of Engineering for Industry aucust 1959 / 239 


‘a = 0. 
| 
| 
o2 04 O08 O02 04 O06 O8 10 
m= h/No m= h/ho we 
| 
n= 1.220 a 
© 02 04 O06 O08 10 
m=h/ho 
h= 0.450 
a 


0 
20577) +4 
= 0.30 
2 0.15 
2010 
=0.07 
= 0.05 
> 
2 | 
: 
= 
O 0.2 04 0.6 0.8 1.0 
m= h/ho 


Fig. 18 Average dimensionless press-forging pressures (p./a), as 
functions of dimensionless flash height h/hy, for commercially pure lead 
forged at room temperature and for ratio of die radius to initial flash 
height (r/h)) = 0.65. Forging pressures computed by using corrected 
areas as obtained from photographs taken during test. 

Test conditions: ho = 1.50 in. 


rq = 
Lubricant: White lead in oil 


should approach that of sliding of dry surfaces. 
ferring to Table 1, it is seen that an average coefficient of friction 
of approximately 0.2, inferred from the forging tests, agrees quite 
well with those for dry friction, when little or no pickup of metal 
occurs on the die surfaces, 


Conclusions 


1 The idealized deformation mechanism assumed in a simpli- 
fied theory of axisymmetric press forging yields forging pressures 
which are in good agreement with experiments on commercially 
pure lead and aluminum. 

2. Departure of the theory from the experimental observations 
at the beginning of the forging operations is believed to be due 
to the idealization that shear takes place only in a thin surface 
layer of the flash. 

3 Coefficients of friction observed in the forging tests between 
die and flash are approximately 0.2 for both lead and aluminum. 

$ Lubrication of flash lands of dies appears to be ineffectual, 
because of the wiping action of the nascent metal of the forging 
as it enters the flash space. 
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DISCUSSION 


C. T. Yang® 


The writer believes this paper to be valuable in both theoretical 


and practical aspects. He wishes to discuss a few points in the 
following: 

1 In Fig. 1 of the paper, the authors assume that the plastic 
flow occurs only in the fictitious disk of thickness h. The metal 
in the die with radius rg is assumed to be plastic rigid. This as- 
sumption is a bit difficult to justify as far as the energy of de- 
formation is concerned. It is well known that the energy of 
deformation for press forging and other plastic deformation is re- 
lated to volume in the following equation: 


W = vfadd (23) 
where 
W = total work done 
V = total volume of billet or work 


effective stress 


effective strain 


Under the authors’ assumption, the volume involved is the 
fictitious disk of height h and this volume is very different com- 
pared with the actual total volume of the specimen. Hence the 
pressure of press forging derived from the deformation energy is 
very different in these two cases. 

2 In Equation (14) of the paper, the authors assume that & is 
not a function of r so that Equation (14) can be integrated. This 
assumption seems to be a little drastic. It is well known that in 
the following equation, 


(24) 


& is a function of o, and in forging it is understood that o, is a 
function of r. 


Qa 


3 To avoid the foregoing difficulty, the writer believes the 
following equation (the vielding criterion) can be used instead of 
Kquation (12) in the paper: 


Or — 25) 


where & = yield strength (psi) of the specimen. 
In the case of sliding, Equation (11) in the paper would become 


(26) 


which can be integrated easily. 
—pp = 7,,, where p = forging 
pressure, and 7., = Maximum shear stress. 


In the case of sticking, wo, = 
Also, we have: 
T,, = G/2 


(27) 


By substituting Equation (27) into Equation (11) in the paper, 
the following equation vields: 


which also can be integrated directly. 
Regarding boundary conditions: 


| In the case of sliding, that is, when ry <r < ry, 


2 Inthe case of sticking, i.e., when 0 <r < rj, 0, at r = rj, is 


the same for both sliding and sticking. 
The writer is interested to know if the foregoing checks with 
the experimental results. 


6 Associate Professor, Department of 
University of Michigan, Ann Arbor, Mich. 


Mechanical Engineering, 
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Authors’ Closure 


The authors greatly appreciate the comments offered by Pro- 
fessor Yang and the evident detailed consideration he has given 
the paper. 

Concerning the first comment, the neglect of plastic deforma- 
tion work absorbed by the forging proper is believed to be a rea- 
sonable idealization which need not depart markedly from prac- 
tice. Under the assumptions of the analysis, the forging die 
cavity is considered completely filled and the material consti- 
tuting the forging proper is plastic rigid with stress condition of 
hydrostatic pressure. Plastic deformation is thus restricted to 


the flash which is here treated as a fictitious disk. The experi- 


fe) 
9 
8 
6 
4 
Pa 
STRENGTH 
(1, 300 PSi) 
| 


O = TENSILE STRENGTH 
(2, 500 psi) 
Fig. 20 Lead forging, ru/h) = 0.48. Ratios based upon yield and tensile 
strength criteria compared with instantaneous effective stress criterion 
results of paper, Fig. 13. 
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= TENSILE STRENGTH 
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Fig. 21 Aluminum forging, ri/h, = 0.48. Ratios based upon yield 


and tensile strength criteria 
criterion results of paper, Fig. 16. 


ed with i effective stress 
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meutal tests performed in the investigation conformed to this 
condition. ‘The analyses and tests thus approximate a final sizing 
operation in press forging where previous blocking operations 
have shaped the rough forging to conform nearly to the final die 
cavity. In practice, the forging proper would experience some 
plastic deformation leading to complete filling of the die cavity. 
The extent of such plastic deformation would be very small rela- 
tive to that occurring in the flash. 

Professor Yang’s second comment suggesting use of the tensile 
yielding criterion, &, rather than the instantaneous effective 
stress, , was applied to both lead and aluminum for the test con- 
dition (ry/h 0.48 reported in Figs. 13 and 16 of the paper. 
In addition to yield strength, analysis also was made with ten- 
sile strength as the criterion. Values for representative materials 
as reported in literature were used for computation as follows: 
Lead 


1300 psi, 2500-psi tensile strength; aluminum é) = 
D000 psi, 13,000-psi tensile strength. Ratios determined for the 
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alternative analyses are shown in Figs. 20 and 21 along with those 
of the initial analysis based on effective stress, Figs. 13 and 16. 

In the case of lead, Fig. 20, results based on yield and tensile 
criteria bracket those obtained from the effective stress analysis 
and which most closely approximate predicted variation. In the 
complete absence of strain-hardening a general agreement might 
be anticipated. In the present instance, the simultaneous strain- 
hardening and recrystallization effects observed for lead compli- 
cate the comparison. 

However, for aluminum, Fig. 21, both yield and tensile strength 
criteria results depart markedly from predicted behavior. The 
yield criterion, showing greatest deviation, neglects the effects of 
strain-hardening whereas the tensile criterion which incorporates 
this effect partially is in better agreement with prediction. The 
much closer agreement of results obtained from the analysis of 
the paper would indicate the most appropriate criterion to be that 
of instantaneous effective stress. 
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A Three-Dimensional, Tool-Life Equation— 
Machining Economics 
BERTIL N. COLDING 


Research Supervisor, Physical In Part 1 of this paper, two tool-life equations are derived, one limited equation and 
Research Department, The Cincinnati one general tool-life equation, between the variables cutting speed, chip equivalent, and 
Milling Machine Company, tool life. The chip equivalent, introduced by Woxén, is a well-defined function of feed, 
Sy ew depth of cut, nose radius, and side-cutting-edge angle. The limited equation takes inte 
account the variation of Taylor's exponent n_ with the value of the chip equivalent, 
but the equation ts only valid within certain limits of cutting speed and chip equivalent. 
A general equation is then derived on the basis of the limited equation. In Part 2 an 
expression called the productivity is derived. This relationship is valid for etther maxt- 
mum production or minimum cost and, combined with the general, hyperbolic, tool-life 
equation, it is used to investigate the optimum combination of tool-life, cutting speed, 
and chip equivalent. 


1 TOOL-LIFE RELATIONSHIPS on the basis of a constant exponent n, in Taylor's well-known rela- 


tion 


INVESTIGATIONS in the field of metal cutting (1) 
have been carried out since the time of F. W. Taylor [1],! result- 
ing in abundant data. These data, however, refer often only to 
the special conditions of the tests and are not correlated. The 
progress made in recent years should enable one to deduce from 
these tests generalized tool-life equations. Such equations have 
been suggested by Woxén [2], Kronenberg [8], Gilbert [4], and 
others. However, the generalized ‘“Taylor” equations are derived 


Although, for practical purposes it is quite convenient to work 
with a constant n-value, one realizes the importance of the n- 
variation when dealing with metal-cutting problems of a more 
scientific character. 

Many investigations show very peculiar tool-life curves when 
plotted against cutting speed, indicating deviations from the 
straight line resulting when Equation (1) is plotted on a log-log 
1 Numbers in brackets designate References at end of paper. graph Jee lek Mah in the region of high cutting speeds where 

Contributed by the Metal Processing Activity of the Production Equation (1) is usually assumed to hold. ; 
Engineering Division and presented at the Annual Meeting, New In the following an approximate relation between tool-life, 
York, N. Y., November 30-December 5, 1958, of THe American cutting speed, feed, depth of cut, nose radius, and side-cutting- 
Society OF MECHANICAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those of 
the Society. Manuscript received at ASME Headquarters, August 4, | ton In connection with experimental data gives rise to the ques- 
1958. Paper No. 58—A-123. tion whether Tavlor’s experimental relation is really the funda- 


edge angle will be derived. This equation takes into account the 
variation of the exponent n. A closer examination of this equa- 


Nomenclature 


cross-sectional area of “chip’’ before removal 
dimensionless quantities 
rom workpiece 

contact length of part of tool edge engaged in y, 2) = general hyperbolic, tool-life equation, where 7 
cutting log. q, y = log, V, z = log, T 

L/Aq = chip equivalent semiaxes of hyperbolic tool-life surface 

= squivale 

feed = loeation of center of hyperbolic tool-life surface 


depth of cut constant in hyperbolic tool-life equation 


normal vector on hyperbolic tool-life surface 
cost of machine and operator including overhead 
cutting speed per unit time 


nose radius of cutting tool 
side-cutting-edge angle 


tool life average cost to regrind tools per part 
constant in Taylor’s equation total cost per part 
exponent of 7’, in Taylor’s equation cutting time per part 
exponent of q, in limited tool-life equation ik, idle time per part 
constant in limited tool-life equation sais Ty 

average time to produce one part 
constants in Woxén’s equation ; volume work material removed per part 


volume work material removed per unit time 
thermal conductivity of work material time, equivalent to sum of down time 7’y and 


volume specific heat of work material ratio R/P 
k/p, = thermal diffusivity of work material productivity function 
electromotive force generated in chip-tool and i productivity 
work-tool interface = productivity per unit length of cutting edge 
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mental one in the metal-cutting field. Another equation is pro- 
posed having the geometrical configuration of an axisymmetric 
surface. The equation is shown to fit very well with experimen- 
tally obtained tool-life curves of different feeds and depths of cut 
in the linear tool-life region as well as in the nonlinear case. The 
equation holds for a great number of combinations of tool and 
work materials. This equation is then applied to machining 
economics, raising the question whether machine tools should be 
designed to allow larger feeds rather than increasing cutting 
speeds. 


The Chip Equivalent 


To obtain the afore-mentioned equations use is made of the so- 
called chip equivalent (a direct English translation of the 
Swedish term in turning, suggested by Woxén [2] in 1931), de- 
fined by 


q = L, Ao (2) 


The inverse value of the chip equivalent is known in German 
literature as ‘“‘Bogenspandicke” [5], in 
“epaisseur du coupeau equivalent” [6]. 


French literature as 

The chip equivalent, g, is a physical quantity which, together 
with cutting speed, V, and material properties, determines the 
temperature in the cutting edge. Woxén first assumed [2] and 
later showed [7] the following by a theoretical treatment of 
the heat balance in the cutting process: 


1 That the actual area of cut Ay = bt (b = depth of cut, t = 
feed) is a measure of the heat quantity generated at a certain 
cutting speed. 
2 Also that the engaged cutting-edge length ZL is a measure 
of the heat quantity carried off by chip, tool, and workpiece. 
From Fig. 1 it is readily seen that an approximate value of the 


chip equivalent q is given by 


b—ri(l - sin (90 — 


t 


cos C 180 


valid for b 


> r(1 — sin (,), where 


6 = depth of cut 


i= feed 

r = nose radius 

(', = side-cutting-edge angle 

Woxén showed by the use of the tool-work thermocouple 


method and tool-life data: 
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Relation showing dependence of V, on chip equivalent 


Fig. 1 Definition of chip equivalent 


1 That the same temperature was obtained, if feed, depth of 
cut, nose radius, and side-cutting-edge angle were combined so 
that the values of the chip equivalent were equal, the cutting 
speed being constant. 

2 For a constant value of chip equivalent the temperature 
rises with increased cutting speed. 

3 For the same cutting speed the temperature rises with a 
diminished chip equivalent. 

4 A generalized tool-life equivalent may be written 


( = y (da) 
1 1+ cwq 
where 
= cutting speed 
7 = anarbitrary tool life 
7T* = acertain tool life; e.g., 60 min 
n = exponent in Taylor’s equation (1), (constant) 
(yw = a constant determined by workpiece and tool 
q = chip equivalent 


Cw, Yo = constant 


By applying Fourier’s differential equation to the conduction of 
heat going to the work, the chip, and the cutting tool, Woxén ob- 
tained an equation, analogous to Equation (4a). In deriving 
this equation he showed that the specific cutting energy or the 
specific cutting force is approximately a linear function of gq. 
The close dependence of cutting speed and chip equivalent 
shown by Woxén also can be seen from cutting data published by 
this Society [8], which were converted into q-values and repre- 
sented in Fig. 2, where Veo (cutting speed corresponding to 60-min 


log q 
2030 50 


5 10 
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tool life) is plotted against g in a double logarithmic scale. The 
data represent turning of SAE X1335 with HSS tools of two dif- 
ferent nose radiuses (0 and 1.6 mm) and a side-cutting-edge angle 
of 0 deg, feeds from 0.05-3.18 mm, depths of cut from 0.79-25.4 
mm. All the data fall very close to a straight line. The dimen- 
sion of the chip equivalent is mm™!. j 


Dimensional Analysis 


A Limited Tool-Life Equation. [imensional analysis has proved 
to be a very handy method in many fields of engineering. To per- 
form such an analysis it is most important to know the funda- 
mental physical quantities affecting the cutting process. Previ- 
ous investigations have shown the importance of temperature, 
thermal properties of work material, energy per unit volume of 
metal removed, chip equivalent (or feed and depth of cut), and 

- cutting speed on tool life [7, 9, 10, 11]. There also seems to be 
general agreement that tool dife is a direct function of tempera- 
ture in the region where Taylor’s equation is valid. Therefore, 
in a dimensional analysis aiming at a generalization of Taylor’s 
original equation (1), temperature should not be included in the 
analysis, but the thermal properties of the workpiece. To take 
into account the specific energy u necessary to cut the metal, 
the chip equivalent, being a function of u, might very well take 
care of this variable for a constant combination of work and tool 
material. As q in particular takes care of feed, depth of cut, nose 
radius, and side-cutting-edge angle, q therefore would be a varia- 
ble as important as the cutting speed V. In Table 1 the quanti- 
ties regarded essential for the analysis are tabulated. 


Table 1 


Quantities affecting tool life 


Physical quantity Symbol Dimension 


Tool life...... (T) 

Cutting speed (LT!) 

Chip equivalent......... (L~!) 
Thermal conductivity... k (MLT~ 
Volume specific heat. . Pe 


Thermal diffusivity...... (L?T—) 


An application of the principles of dimensional analysis to the 
quantities 7, V, q, and K yield either 


q =| K (5) 


KTq? = $(V7q) (6) 


or 


In an attempt to establish the law governing the relations (5) 
and (6), a convenient way is often to plot actual data on a log-log 
graph paper, as also Taylor’s equation (1) is guiding one in this 
. sense. However, owing to lack of temperature, diffusivity, and 
tool-life data for corresponding cutting speeds, and so on, the in- 
vestigation has to be limited to plotting the relations (5) and (6) 
for varying q and V-values, holding 7 constant. As 7’ is assumed 
to depend entirely on temperature, then A also must assume a 
constant value for constant 7’. In doing so it is found that equa- 
tion (5) gives curves while (6) yields reasonably straight lines. 
For convenience A 7q? is plotted against (V7'q)'/? in Fig. 3, where 
three test series covering HSS tool cutting of 0.60 C, 0.45 C, and 
Cr-Ni steel, and two test series for carbide tools cutting carbon 
and Cr-Ni steels are represented. As the values of A are un- 
known, K was set = 1. Also the relative displacements between 
the relations for 7’ = 60 and 7’ = 1 min has no meaning; only the 
slopes are of importance. The latter are different for the two 7- 
values chosen as well as between different materials. 


It is seen 
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KTq? 
log 


<— (VTq)* 
log 


Fig. 3 Relation between di ionl quantities KTq? and (VTq)"*. 
[1 = HSS — 0.60C (18), 2 = HSS — 0.45C (15),3 = HSS — CrNi(15), 
4 = carbide U—Cr Ni (14), 5 = carbide TT3 —St. 50.11 (13).| 


that over a large range of g-values the relations are essentially 
straight. This coincides with observations of Woxén, who used 
different values of the constants go and cw Equation (4a) in the 
regions of gq < 4 — 5and q > 4 — 5, termed rough cutting and 
finish cutting, respectively. 

To test further the validity of the assumption of the dependence 
of tool life on temperature, tests by Colding [12] using the work- 
tool-thermocouple method are plotted in Fig. 4, assuming a rela- 
tion equivalent to Mquation (6): 


KEq? = (7) 


where E is the electromotive force (emf). The plotted relations 
valid for two different carbide grades and 0.60 carbon and Cr-Ni 
steel, are of the same shape and slope as those in Fig. 3. The 
straight-line dependence is neither valid for large values of q 
when based on emf measurements nor when based on tool-life 
data. This observation is of importance, since it confirms the 
great dependence of tool life upon temperature and chip equiva- 
lent. The relations shown in Figs. 3 and 4 indicate that a straight- 
line approximation seems justified in the g-region corresponding 
to rough machining, but also the data from Hucks obtained for 
8 <q < 23 indicate a straight-line relation. Thus, together with 
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Fig. 4 Relation between quantities KEq? and (VEq) ’ 2 (E = 10 mv for 
aand b, E = 12 mv for cand d,a = carbide U—Cr Ni, b = carbide $3 — 
Cr Ni, c = carbide U — 0.60 C, d = carbide $3 — 0.60 C.) 


Woxén’'s conclusions regarding Equation (4a), it may be assumed 
that a relation of the form 


KTq? = U(VTq)®!2 


= 781 1 
may be applied in either the region of rough cutting or finishing. 
In Equation (8) U is a dimensionless constant, B is the slope in 
Figs. 3 and 4 corresponding to a certain tool life 7, 


is the corresponding cutting speed. 
In Taylor’s equation V7" = C, the constant C is defined as the 
cutting speed V, for a tool life 77 = 1 min. From Equation (8) 


Vi = = 


= 


equations (1) and (9) then vield 


= 1 


= Aqm (10) 


where A = (2,)4 and m = 28; — 1 are constants valid for the 
particular combination of tool, work, and tool angles considered. 
Equation (10) is found to be valid to a good degree of approxima- 
tion in some cases investigated while less good in some others when 
applied to either the region of rough cutting or finishing. It is of 
interest to get some idea of the meaning of the constant C = V; 
in Equation (9). The thermal diffusivity, A), maintains a con- 
stant value, no matter what the value of qg is. Hence C is en- 
tirely dependent on the chip equivalent for a constant combina- 
tion of tool and work material, and so on, in the case where Equa- 
tion (10) is valid. The variation of the exponent n is obtained by 
introducing [Equation (8) into Equation (10): 


10), Aryl —Brgm 28r+1 11) 


Choosing a particular value of 7’, for example 7’ = 60 min, one 


obtains 


where 


log 60 
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Fig. 5 Principles to determine a limited tool-life equation for arbitrary 
q on basis of two experimental curves 
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Rewriting Equation (12a) 


n= [log Bg*-»] (12b) 
a 

The determination of the constants A, B, m, and / is done most 
conveniently from graphs on the basis of two accurately deter- 
mined tool-life relations; e.g.,q = 1 and q = 3, org = 10 and 
q = 15. In Fig. 5(a) there is a schematic representation of two 
tool-life curves for g = gq, and q = q:, giving the slopes 7 and n2 
and the constants C; and Cz. In Fig. 5(b), V; and Veo are plotted 
against g, yielding the values of m, 1, and A. Hereby Equation 
(10) is determined, except for the variation of n with g. By 
plotting the values of n; and nz from Fig. 5(a) versus qi and q 
as is done in Fig. 5(c), Equation (12) is established. 

Hquations (10) and (12) constitute a generalized approximate 
tool-life equation for V, 7’, g. It has the advantage over other 
such equations as, for example, the type V7™/%b§ = C and Equa- 
tion (4a), in that it takes into consideration the variation of the 
exponent n, here shown to depend solely on the chip equivalent. 
Estimates of obtainable tool lives for other chip equivalents and 
cutting speeds can thus be made from two known tool-life curves 
simply by proceeding in the way indicated in Fig. 5. 

A General Tool-Life Equation. Equations (10) and (12) yield 
approximate relations between tool life, cutting speed, and chip 
equivalent, if a distinction is made between the regions of rough 
cutting, q < 5 — 8, and the finishing region, q > 5 — 8. This is 


logv 


(c) 


somewhat equivalent to stating that Taylor’s Equation (1) is 
valid above a certain cutting speed or below a certain tool life. 
Below a particular speed or above a particular tool life, Taylor's 
equation is neither valid at all or the exponent n may assume an 
entirely different value. In Figs. 6(a-d) are shown four different 
types of families of tool-life curves plotted versus cutting speed, 
all of which are represented in the way they are interpreted by 
different investigators. The author found no curve being verified 
all over the speed region considered, so the curves shown are 
usually curves extrapolated toward shorter or longer tool lives. 
The general pattern of the four types seems to be generally ap- 
plied to whether the life criterion is total destruction, a predeter- 
mined wear land, or a certain wear rate; e.g., the time it takes to 
wear off 1 mg of tool material from clearance or rake side (radio- 
active tests) [14]. A closer examination of the test points ob- 
tained in the straight parts of the curves in Fig. 6(a-d) reveals 
very often a certain curvature, so that a smooth curve can be 
fitted to the points. Woxén states:? “In many investigations it 
is found first, that not a straight line but a slightly bent curve is 
obtained; secondly, that this line or curve has a different slope at 
different chip equivalents g, so that the slope diminishes with an 
increased value of the chip equivalent.”” He also found that a 
more general equation than equation (4a) would be of the form 


T) 
7 1 + cq 


me Reference [2], p. 50. 
/o9 7 


(4b) 


v 


Fig. 6 Four different shapes of V-T-curves 
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Fig. 7 Tool-life data on turning C steel by four different tool materials: 
tool cutting carbon steel of 80-kg-per-sq-mm ultimate strength 


The author also found by radioactive tests that data, obtained 
when tool life is very short, give a shorter tool life than an extrapo- 
_ lation of a straight line toward the V-axis would yield [19]. 
Data of type Fig. 6(c) are presented by Svahn [15], who shows 
thirteen graphs for different combinations of tool materials and 
work materials or more than 40 relations corresponding to differ- 
ent g-values. Svahn’s curves were obtained in milling tests as 
well as in turning tests. He interpreted the lines drawn according 
to Fig. 6(c) as Taylor relations, where the exponent n & 1 for the 


families of lines with the smaller inclination. Figs. 7(a, b, c) are 


Svahn’s test points in the case of turning 0.45 carbon steel with 
HSS tools and two carbide grades 83 and S81. The HSS data show 
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(a) HSS, (b) $3, (c) $1, (d) ceramic 


a definite curvature for g = 1.85. If the carbide data (inter- 
preted by Svahn as in Fig. 6(c), all of which are smooth curves, are 
tentatively extrapolated toward short tool lives (dashed curves 
in Figs. 7(6 and ¢c), it would certainly be possible to represent each 
dashed curve with a Taylor relation in that region. 

Plots of data on double-logarithmic graph paper is in many 
cases of great value as many functions are linearized that way and 
are easy touse. However, when such linearized functions are used 
in combination with other well-defined functions in theoretical in- 
vestigations, the conclusions drawn may be quite wrong. Turn- 
ing to Fig. 3 and replotting these data in the form Ve and V, as 
functions of q as is done on log-log graph paper in Fig. 8, where also 
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Fig. 8 Different shapes of Vy7J-q-curves. 


(1 = HSS — 0.60 C [18], 2 = 


|__| logq 
20 30mm"! 


HSS — 0.45 C [15], 3 = HSS — 


Cr Ni [15], 4 = carbide U — Cr Ni [14], 5 = carbide TT3 — St 50.11 [13], 6 = carbide K2S — Ti-alloy [19], 7 = car- 
bide $1 — [15], 8 = carbide $3 — 0.45C [15], 9 = carbide L3 — C45 [17].) 


data from other investigations are plotted, it is seen that smooth 
curves may be fitted to the points. These curves are either con- 
cave or convex to the q-axis or practically straight lines. 

From the foregoing diagrams and discussions it may be as- 
sumed that the basic tool-life relation is never of the type V7" = 
C. It would be of interest to investigate if a simple geometric 
relation may be obtained between V, 7’, g, which is valid at least 
for the region of practical interest. 

Writing Equation (10) in the form 


(13) 


where x = log g, y = log V, z = log T, D = log A, then Equation 
(13) represents a plane in the ryz-co-ordinate system, for each 
value of m, n, and D. Obviously, Equation (13) is also the 
mathematical form of a tangent plane to a surface @(z, y, 2) = 0 
at the point z, y,2z,on@. At that point assume 


6p 
62 


If the assumption (14) is correct then the normal vector at (z, y, 
z)is 


(14) 


N = —mai + yj + nzk (15) 


Of the parameters m and n in Equation (15), m is seen to vary by 
only a few per cent when z and y vary 100 per cent, Fig. 7, while 
n’s variation, known from a number of tool-life curves, is of the 
same order of magnitude as that of m. Therefore, on a certain 
area of @, the normal vector N can be considered dependent on 
x, y, and z only. In such a case the curl of N (VxN) is zero. 
This means that @ is an equipotential surface. 

The determination of @ is done by integration of Equation 
(15): 


— 


— = 


2) = 
Hz, a? c? 


(16) 
A hyperboloid of one sheet for H = 1 

A hyperboloid of two sheets for H = —1 

A cone for H = 0 
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To check the validity of Equation (16) many test points of 
Figs. 7(a, b, c) were taken and a, b, c, x, Yo, 2 were calculated 
and found to be constants: 

HSS—0.45 C steel: 


(x + 2.60)? 
6.05 


(y — 2.57)? 


1.305 


(2 — 0.106)? 


15.54 


(hyperboloid of two sheets). 
Carbide 81—0.45 C steel: 


(hyperboloid of one sheet). 
Carbide S3—0.45 C steel: 


14.0 25.0 


(hyperboloid of one sheet). 


In Figs. 7(a-c) the curves represented by the foregoing equa- 
tions are drawn for different values of g. The agreement with 
the experimental data is seen to be reasonably good. Fig. 7(d) 
shows a case where, for a constant q, actual test data over a large 
range of speeds can be approximated with half an ellipse accord- 
ing to Equation (16). The data are taken from Russian tests with 
ceramic tools [20]. 

In Figs. 9(a, b) the two types of hyperboloids, represented by 
Kquation (16), are shown. It is seen that planes parallel to the 
z-y-plane yield hyperbolas symmetrical around the yo or xro-axis. 
Comparing the curves in Fig. 8 with those of intersecting planes 
for z = const, the pattern of the materials 1, 2, 3, 5, 6 correspond 
to that of Fig. 9(b), while 7, 8 correspond to Fig. (a). For the 
material combinations in Fig. 8 with the exception of the unusual 
cases 4 and 9, either Fig. 9(a) or Fig. 9(b) is applicable. 

The calculation of the constants in Kquation (16) is theoreti- 
cally possible from knowing only six points on the surface; 
245 


AUGUST 1959 


log Vy log | | | 
| ® vi Vio | | | 
| 
| | | 
60 | | | | | | 
a7 | | | \ | @ 
| | | | | 
| 
| 
Veo Vv @) | 
10 O | 
| | | 
| | 
| | Veo 
| | | 
| | | 
10 2345 
27.7 448 
6x by 
| 
a 


(a) 


Fig. 9 Three-dimensional representation of tool-life data: (a) Hyperboloid of one sheet, 


tool-life values for six different q and V-values 
necessary. If Equation (16) really represents a general 
equation, then tool-life testing could be limited to a compara- 
tivel 


would be 


small number of actual tests. 


Furthermore, the intricate 
question of the influence of material properties, tool angles, and 
soon, may be attacked in a more systematic way than hitherto 
possible 


has bee 


The three-dimensional pictures of the varia- 
tion of tool life with cutting speed and chip equivalent in Fig. 9 
indicate the possibilities of obtaining longer tool lives when q is 
made very small (very heavy feeds), when one operates, for 
example, on the negative side of the z-y-plane. The Russian tool 
design by IKolesov makes very heavy feeds possible, corresponding 
to q-values sometimes smaller than 1; ie, 2 < 0. 


reported to 


Tool lives are 
be in the conventional range, even longer than for 
those obtained by a conventional tool using the same depth of cut 
but, for example, 10 times smaller feed [16]. 

The reason why tool life decreases with reduced feed (increased 
y), us for WV, of material 9 and for Vio of material 4 in Fig. 8 while 
Veo in both cases follows the pattern of hyperbolas in Fig. 9, can- 


not be anticipated. However, the relations V; and Vi» as func- 
tions of q for these materials are based on extrapolated tool-life 
curves of the type V7" = C, so a certain uncertainty is asso- 


ciated with tneir drawing, 

Owing to the assumption expressed by Equation (14) the sur- 
luce @ would be an equipotential surface for each combination 
of tool and work, and so forth. 
the prese ritly 


This problem is associated with 
very limited knowledge of the fundamentals of the 
wear process on clearance and rake face of a tool and will there- 


fore not be discussed in this connection. 


MACHINING ECONOMICS 


In choosing the operating variables to be used in any machining 
operation one is usually interested in obtaining either the lowest 
ost per part (minimum cost) or the shortest possible 


time per part (maximum production). 


possible 


In computing the machining cost per part, four items should be 


Ponsidered : 


1 Cost of machine and «perator including overhead P for 
time to make cut ‘ie 


2 Cost of machine and operator during time required to 
change workpieces (idle time T’;). 

38 Cost of machine and operator during down time T 4 neces- 
Sars to replace worn tools, 


1 Average cost to regrind work tools PR, 
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(b) hyperboloid of two sheets (x = log q, y = log V, z = log T) 


The total cost per part Q is readily shown to be 


R 
Q = PT,{1+— + PT, 
PT, 


or 
Q = PT, —— + PT; 17 
1 
where y = 7, + R/P,T = tool life. 


A similar expression valid for maximum production is 
T 


where (7',vg) is the average time to produce one part. The two 
expressions (17) and (18) should be differentiated ultimately with 
respect to tool life 7 and the result equated to zero to find the 
extreme values. Instead of expressing 7’, as a function of cutting 
speed, feed, axial length of work, and work diameter as is often 


done, a more general expression of 7’, is introduced; namely, the 
material volume to be removed per part W, 


W,= TW (19 
where W = Vtbis the volume removed per unit time, V is cutting 
speed, ¢ is feed, b depth of cut. 


Introducing the value of 7’, from Equation (19) into Equations 
(17) and (18) 


_W,PT +7 


Q= 20 
Vib 
Vtb 7 


It is seen from the similarity of Equations (20) and (21) that 
in economic analysis of a cutting process the following expression 
should be investigated: 


V T 
y= -=f (22 
T + q 7 


where y = 7’, + R/P, Equation (20), or y = 74, Equation (2 
and f may be called the “productivity function.” 

A maximum of f will yield a minimum Q and 7'ayg. 
time 7’; has no influence on the economic computations. 
The commonly found form (when é and b are kept constant) of 


The idle 
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the economic tool life, 7'ccon, is also obtained from Equation (22) 


using VT" = C 


Determination of Optimum Values of Productivity 


Equations (22) and (16) can be used to investigate the simul- 
taneous extreme values of 7’, V, and g, but the fact that the 
product ¢b is expressed as a function of g and L is a function of 
b, t, C,, andr, in itself complicates the solution. 
sider two cases: 


(23) 


Therefore con- 


1 Keeping depth of cut, nose radius, and side-cutting-edge 
angle constant. Then the feed is 


q 


2b 


where k = constant depending on d, r, and C,. 
2 Keeping Z constant when g varies. One way of doing this 
is to vary depth of cut to compensate for the variation of L with 
feed. 
Taking the logarithm of Equation (22), the following expres- 
sions are obtained according to points 1 and 2 in the foregoing: 


F(x, y, 2) = log k — log (« _ x) +y+2— log (e + y) 
(22a) 
F(z, y, z) = log L — x + y + 2 — log (ce? + y) 


(22b) 


where 


F(z, y, 2) = logf, =logg, y=log V, 2 = log T 


These expressions should combine with Equation (16) to solve 
the economic problem. The term log [q — 1/(2b)] will compli- 
cate the solution of the problem, however. <A series expansion of 
it shows log [q¢ — 1/(2b)] = log q = 2, provided 1/(2b) is reasona- 
bly smaller than g. For example, the error in z when 6 = 2 mm 
is < 2 per cent when q > 6; for 6 = 5 mm the error is < 3 per 
cent when q > 3. The nose radius was here set = 1 mm and the 
side-cutting-edge angle 0 deg. Thus, choosing q bigger than a 
certain value depending on b, the second expression of F(z, 1, 2), 
Equation (22), also can be used when depth of cut is constant 
point 1). However, when the practical problem is to take away 


log z 


a certain amount of volume when depth of cut can be chosen 
within a rather large range, then the second expression of F can 
be used as an exact expression considering either point | or point 
9 

The problem is seen to consist of investigating extreme values 
of the function 


F(a, y,2) =y — 2+ 2 — log(e*'+ y) (24) 
when 
%o)? (y — yo)? 4 (2 — 2)? 


a2 : 


where H = +1, 0. 
The possible extreme values of Equation (24) may oceur when 


2 
1 (25c) 
| 


H 


In Fig. 10 the left-hand side of equation (25c) is plotted against 
z for the quantity y = 10 and 100. The intersections of these 
curves with the corresponding plot of the right-hand side of 
Equation (25c) vield the extreme values. From the values of a, 
b, c, H, and z in the generalized equations of the data of Fig. 9 the 
right-hand side of Equation (25c) is also plotted in Fig. 10. The 
intersection points yield the possible tool lives. The correspond- 
ing values of cutting speed and chip equivalent are calculated 
from Equations (25a, 6) in Table 2. 


Table 2 Economic extreme values of q, V, T for data of Fig. 9 


= 10-—_— — = 100- 
q; V, q; T, 

Material min m min 
ee. 28.0 20 6 34 135 
HSS-0.45C 6.3 20 0.001 135 
{ 37 640 18 18 190 60 
$3-0.45 C 0.027 0.0016 18 0.055 0.0053 60 
42 950 25 22 290 100 
S1-0.45 0.024 0.001 25 0.046 0.0035 100 


To investigate whether the data of Table 2 correspond to real 
maxima or minima or other characteristic points of the surface 


log f(z) 


2:10-3 1072 
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Fig. 10 Graphical determination of possible economic tool lives for materials in Figs. 7(a-c) 
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Fig. 11 Productivity as function of chip equivalent and cutting speed for 
HSS — 0.45 C (hyperboloid of two-sheet case) 


F(x, y, 2) or (f/L)(v, 7, q), the shape of the surfaces for HSS—0.45 
C and y = 10 and carbide S1—0.45 C and y = 100 were deter- 
mined and drawn in Fig. 11 and Fig. 12, respectively, where the 
productivity f/L = p is expressed as a function of cutting speed 
Vand chip equivalent g. The productivity p and the cor- 
responding values of V, 7’, and q are indicated for interesting 
points in Figs. 11 and 12. The calculated tool life 20 min of 
Table 2, corresponds to an absolute maximum, Fig. 11, yielding 
Pmax = 7.9 cu cm of material removed per min and per mm en- 
gaged cutting-edge length. It is seen that if cutting speed and 
chip equivalent are varied along the curve MB in the log q-log 
V-plane (AB is the projection curve of the maximum values of p) 
the productivity decreases very slowly, while rapidly when mov- 
ing along M14. However, pis very sensitive to combinations of 
V, q on both sides of the curve AB; in particular, on the high- 
cutting-speed side of it. 

The caleulated tool life 7) = 100 min for carbide grade S 1 turn- 
ing 0.45 C steel corresponds to a maximum as seen in Fig. 12, but 
it occurs in the saddle-type region. The productivity increases 
rapidly for decreasing values of V and q along the curve CA, from 
7.3at V = 150,¢ =8to25at V [70,g The productivity 
increases further upon a reduction of q below the value q = 1. 
On reducing the value of q, Fig. 12 shows the importance of 
choosing the cutting speed so that it does not deviate too much 
from curve ('A in order to obtain an increase of productivity. It 
is not known whether the relation derived between V, 7, q, 
Equation (16), is valid for very small values of g. For this reason 
the productivity surfaces were not investigated in the regions of 
other possible extreme values given in Table 2. 


Conclusions 


The general pattern of the curves for Vp = V7(q) in Fig. 8, 
corresponding to the two types of hyperboloids, shown in Fig. 9, 
suggests the following conclusions: 


1 When tool-life data can be expressed as a hyperboloid of 
two sheets then there exists an absolute economic optimum com- 
bination of V, 7’, q. 


2 When tool-life data can be expressed as a hyperboloid of one 
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Fig. 12 Productivity as function of chip equivalent and cutting speed for 
carbide $1 — 0.45 C (hyperboloid of one-sheet case) 


sheet then the economic optimum represents the smallest q ob- 
tainable. This means that the largest feed possible should be 
used depending on strength of tool, maximum feed of the machine 
tool, surface finish, and so on. 

3. The maximum possible productivity (fmax = Lpmax) eX- 
pressed as material removed per unit time is obtained by using 
a maximum cutting-edge length L, determined by qmax bt = L.3 
Here either 6 or ¢ can be regarded as fixed values or maximum 
values determined by other considerations. The maximum 
value of L is then determined by combining nose radius, side- 
cutting-edge angle, and’ or ¢ such that the expression for L given 
by Equation (3) attains a maximum value. In this connection 
practical considerations may, for example, fix the values for nose 
radius and side-cutting-edge angle. 

4 The value of the quantity y has no influence on the general 
shape of the productivity surface p = p(V, 7, q), but a reduction 
of ¥ increases p. 

5 The extreme sensibility of the productivity p to the value 
of q in particular, in the vicinity of the maximum value of p, 
shows the great importance that should be paid to machining- 
economics determinations. 


The foregoing conclusions emphasize the great need for having 
a reasonably general relation between V, 7’, q in an economic 
analysis. The author performed the same kind of analysis as 
outlined on the basis of the Taylor type Equations (10) and (12) 
for the material combinations in Fig. 8, assuming a straight-line 
approximation was valid for g < 5-6. All the maximum produc- 
tivities calculated corresponded to very small values of g (qX 1), 
except in the case of material 6, yielding a maximum in the prac- 
tical region of g. The reason for errors committed may be shown 
in the following manner: The assumption of straight-line rela- 
tions in Fig. 8 may be illustrated by a surface @, Equation (16), 
in the form of a cone (C = 0). The z-y-plane cuts the cone along 
straight lines (z = 0 corresponds to 7 = 1), if the z-co-ordinate 
of the apex lies in the z-y-plane. If also 29 = 0 then an eco- 

3 gmax refers to the maximum value of productivity per unit length 
of cutting edge, pmax, and not to the maximum value of q. 
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nomic tool life may be expected in the practical region, as tool life 
approaches zero in the neighborhood of the apex. On the other 
hand, if the z-co-ordinate of the apex lies sufficiently far away 
from the origin on the negative axis, then a maximum production 
rate may be expected for very small values of g. The apex co- 
ordinates depend on the slope m and the value A in Fig. 5(b). 
Further examples of the limitations of using equations of type 
VT"t*%h* = C in economic considerations the 


are given in 
author’s discussion of Brewer's paper [21]. 
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DISCUSSION 
R. C. Brewer? 


The author is to be congratulated for taking another step for- 


4 Lecturer in Production Engineering, Imperial College of Science 
and Technology, University of London, London, England. 
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ward in a field of machining which has, so far, been neglected by 
comparison with the more fundamental aspects of the machining 
process. 

This discussion will not, in general, be directed to the analysis 
itself but rather to the question of the validity of it, ie., to the 
assumptions on which it is based and to the conelusions which 
may be drawn from it. 

In the section headed The Chip Equivalent, an account is given 
of Woxén’s work; the references, unfortunately, are not easily 
accessible outside Sweden and the conclusions must be accepted 
rather blindly. Some of these conclusions are merely observa- 
tions (from graphs) of trends of one variable relative to another, 
but others are statements of equality, the correctness of which is 
important, e.g., it is stated that the area of cut is a measure of the 
heat generated at a given speed and that the length of engagement 
is a measure of the heat in the chip, tool, and workpiece. Since 
Woxén’s work is almost thirty years old, it would be very helpful 
if the author would amplify his comments a little, especially as 
the original publications are so difficult to consult. 

Again, a generalized tool-life equation [Equation (4a) | is given 
with no indication of its derivation. However, if one assumes it 
to be true, then it may be written, for a tool-life of 60 minutes, as: 


V = 


where w and X are constants. 
Evidently, Fig. 2 does not agree with this although it does indicate 
a dependence of Vg on the chip equivalent. Without more data, 
particularly for other tool lives, it is not possible to deduce from 
Fig. 2 an equation similar to (4a). Also, it is most desirable that 
any relationship which replaces the previously accepted one 
(viz, V7'"d*f* = constant) should be demonstrated to be valid 
for more than one set of results. 

Turning to conclusions which may be drawn from the analysis, 
it is seen that, whether the relationship between V, 7’, and q bea 
hyperboloid of one or two sheets, curves of constant x are ellipses, 
i.e., the curve relating V and 7’ is an ellipse. This is shown in 
Fig. 7(d), in which the author has given his interpretation of 
Zhikharev’s results. Since the data refer to a ceramic tool, the 
decrease in tool life at lower cutting speeds is to be expected since 
the criterion of tool life can no longer be the amount of flank wear 
but must, in the circumstances, be the crumbling of the cutting 
edge, i.e., since there has been a change of criterion, one would not 
expect the same “Taylor” law to hold. 

A more serious aspect of the ellipse as a V-7' relationship is its 
complete interpretation. What significance, for example, has 
the other half of the ellipse shown in Fig. 7(d)? My own opinion 
The 
author might put this another way by saying that the upper half 
of the ellipse is a representation of experimental data 
representation than the Taylor line with slope ‘‘n.”’ 


is that it has no significance because it does not exist. 


a better 
With this 
in mind, I feel it necessary to stress that the closing section of 
Part | of the paper is still empirical; although the author has not, 
in any way, attempted to give any other impression, I feel that 
the paper is rather comprehensive and that it would be very easy, 
after a mathematical analysis such as the author has given, to 
think subconsciously that the whole subject had been put on a 
fundamental rather than empirical basis. 

I think it would be fair to summarize Mr. Colding’s discussion 
of my paper (reference [21] of the paper) by saying that he 
criticized me for an analysis which was too far ahead of the 
knowledge about the justifications for the assumptions made. 
I think I would make the same criticism of this paper and suggest 
that, before any more papers are written, the fundamentals of 
the tool-life equation should be settled. TI think enough has been 
said already to indicate that the answer is not so self-evident as 
has been assumed. 
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Author's Closure 


The author thanks Mr. Brewer for his kind remarks about the 
paper, and for his detailed discussion of some of the conclusions 
of the analysis. 

Unfortunately, there was originally a misprint as to Equation 
(4a) where the term (1 + C,q) reads (1 + Cyqo). Hence Mr. 
Brewer's expression V = gw + Aq and his discussion of the de- 
pendence of Vs on the chip equivalent are directly related to this 
misprint. Woxéndeduced Equation (4b) for the dependence of V 
on the chip equivalent on the basis of numerous temperatures as 
well as tool-life measurements. However, because of the compli- 
cated nature of Equation (4b), realizing that the simplicity of a 
tool-life equation is very important when used in the shop, he 
introduced the simplified Equation (4a) or, when selecting 7’ = 
Tx = 60 min: 

Vo = Cy: (4c) 
1+ 
Out of numerous tool-life tests Woxén concluded that in rough- 


turning of steel low g-values 


(4d 


be 


Although C 
and specific values of the constants in Equation (4c) 


» Was found to be a function of the Brinell hardness 
were given 
by Woxén, it is particularly interesting for the present discussion 
to see that Woxén used two different types of equations [Equa- 
tions (4d) and (4e)] , one inthe rough-machining range, and the other 
in the finishing range. The present author’s Equation (10) is 
to be compared with Equations (4d) or (4e) for 7’ = 60, when as- 
signing different values of the exponent mm in the two mentioned 


regions of cutting. Furthermore, although Equation (10) agrees 
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with the data of Fig. 2 over a wide range of g-values, it is not 
generally true as seen by Fig. 8. Instead, the hyperbolic relation- 
ships, given by Equation (16) when Z = In T = constant, were 
found to be more general than either Equation (4c) or Equation 
(10). In particular, on a log-log graph paper a straight line of 
the form given by Woxén’s Equation (4d) for rough turning is 
represented by a line of slope 1. It is therefore not surprising 
when examining the data for V versus q in Fig. 8 to find that the 
slope is approximately unity for q being less than about 5. Con- 


_ sequently the author’s Equation (10) yields Woxén’s Equation 


(4d) as a special case. Finally, as Equation (10) was found to be 
too inaccurate, the present derivation showed Equation (16) to 
be a general tool-life equation superior to any of the previous 
equations. 

Turning to Mr. Brewer’s discussion of Fig. 7(d) it should be 
emphasized that the half of the ellipse valid for small values of 
cutting speed is of no practical significance. It is not generally 
true that the occurrence of an ellipse such as in Fig. 7(d) is due to 
crumbling of the cutting edge. The most fundamental measure 
of wear rate in tool-life testing should not be a geometrical quan- 
tity such as flank wear, crater depth, failure, ete., but the amount 
of wear on flank or face of tool measured by weight or volume. 
This ean be done by radioactive tests provided the cutting edge 
is ground properly prior to the test [14]. In the fundamental 
studies of the tool-wear process made by the author [14] at the 
Royal Institute of Technology in Stockholm, Sweden, and at 
Massachusetts Institute of Technology, U.S. A., he found several 
examples of ellipses of the kind shown in Fig. 7(d). These radio- 
active tests tend to show that the tool-wear process may basically 
he described by a comparatively simple law rather than by dif- 
ferent types of functions depending on the region of q or V in 
question. Equation (16) is found to constitute a good approxi- 
mation of reality which is particularly well-suited for economic 
analysis of the turning process. In order to determine the con- 
stants in Equation (16) accurately and quickly, use is made of an 
automatic digital computer. 
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ae and in finishing turning of steel and rough-turning of cast iron 
(4) 
b+ q 
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tive force value. 


tool face. 


The shearing stresses calculated from the metal-cutting data showed good correlation 
with flow stresses at the same finite strains which were obtained from static compression 
The reason for the uniqueness of the finite strains at which correlation is achieved 


tests. 
is not as yet clear. 


I. SEEMS to be reasonably well established that the 
principal plastic-deformation process in orthogonal metal cutting 
with single-point cutting tools and continuous chip formation is 
one of shear deformation. Detailed studies of photomicrographs 
of sectioned chips, as wel! as visual examinations of the cutting 
process, reveal that this deformation process is confined to an ex- 
tremely narrow region. This latter phenomenon is the reason 
that the shear zone is referred to simply as the shear plane. 

The deformation process on the shear plane takes place under 
some unusual conditions, such as, high normal pressures on the 
shear plane, extremely high strain rates, large finite strains. and 
high temperatures. These conditions are normally not all en- 
countered simultaneously in other typical metal-forming processes 
nor in the usual testing procedures of engineering materials. It is 
largely for these reasons that it is difficult unequivocally to es- 
tablish the relationship between the plastic-flow properties of a 
material and its plasticity condition in metal cutting 

Merchant [1]* in his basic analysis of the mechanics of metal 
cutting examined the properties of the work material in terms of 
metal-cutting data and came to the conclusion that the shearing 
stress on the shear plane was a linear function of the norma! stress 
on this same plane. He developed his machining constant from 
this concept. Merchant thought he found support for his hypothe- 
sis in the high-pressure experiments of Bridgman [2]. Unfortu- 
nately, however, Bridgman noted an effect with drill rod only 

1 This paper is the result of an investigation sponsored by the ma- 
chinability program located at Rock Island Arsenal under Contract 
DA-11-070-508-ORD-605 with the University of California. 

? Graduate student in Mechanical Engineering at University of 
California, Berkeley, Calif. 

3 Numbers in brackets designate References at end of paper. 

Contributed by the Metal Processing Section of the Production 
Engineering Division and presented at the Annual Meeting, New 
York, N. Y., November 30-December 5, 1958, of THe AMERICAN 
Society oF MECHANICAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, August 
4, 1958. Paper No. 58—A-139. 
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Some Observations on the Shearing 
Process in Metal Cutting 


It was found that shearing forces on the shear plane were linear functions of the area 
on which they acted. This was observed for all materials investigated; for SAE 1112 
steel, 2024-T4, and 6061-T6 aluminum alloys, and alpha-brass, and also is in agree- 
ment with data taken from the literature. 
the straight line of shear force Fs 
This was interpreted to mean that the intercept part of the shearing 
force was used up in overcoming workpiece deformation or friction at the flank of the 
tool and was not available for chip deformation. Accepting this concept, it can then be 
shown that the average shearing stress on the shear plane for SAE 1112 is constant and 
is independent of normal stress, cutting speed, or strain rate, extent of deformation or 
finite strain, and extent of prior deformation. 
terials tested or examined were also constant for the limited range of variables available. 

In contrast to the shearing stress, the normal stress on the shear plane was not con- 
stant and appears to be a yet unknown function of the mechanism of friction on the 


Furthermore, all data examined showed that 
versus area Ag intercepted the ordinate at a posi- 


The shearing stresses for the other ma- 


but not with mild steel. Hence, it appears that the Merchant 
hypothesis for ductile metals is not well supported by experiment 
and, in fact, is contrary to the usual concepts of plastic deforma- 
tion assumed in theories of plasticity. 

Other investigators, as for example, Chao and Bisacre [3}, 
Chao and Trigger [4], Creveling, et al. [5], observed that the 
shearing stress on the shear plane appeared to be constant, except 
at low feeds, while Kececioglu {6} insists that the shear-flow stress 
is a function of the mean shear-plane temperature. However, 
Kececioglu’s hypothesis was not well supported since his data 
showed such a general scatter that any trend, if it existed, was not 
in evidence. 


Thus the plasticity condition apparently has not 
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Fig. 1 Force system in orthogonal metal cutting 
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been established. It is the purpose of the present paper to pre- 
sent new experimental data and to examine the condition for 
plastic flow on the shear plane in metal cutting. 


Shearing Stress on Shear Plane 


The force system applicable to orthogonal metal cutting is 
shown in Fig. 1. The forces Fy, and Fy are determinable from a 
two-component dynamometer and are the components of the 
force vector R. This force vector R may be decomposed into 
the two force components F's and Fy, which are parallel with and 
normal to the shear plane A g, respectively. The force components 
Fo and Fy can be calculated as follows: 


Fs = ReosX = Fy — Fy sind 

RsinX = Fy sin + Fy cos 
where @ is the shear angle, A = g+ a, Rk = (F ,? Fy? 
ais the rake angle, and 6 = tan~! {(Fy + Fy tan a)/(Fy — F, 
tan @)} is the angle between the friction foree and normal force 


on the tool face and is called the friction angle. 
The shear angle @ is given by the equation 
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Fig. 2 Shear force, Fy, as function of shear-plane area, As, on which 
force acts for SAE 1112 steel as-received (cold-rolled) 


Cutting condition: 


Tool = 18-4-1 high-speed steel, 3 deg end clearance 
End cutting of tubular specimen 

Mean cutting speed = 90.8 fpm 

Feed = 0.002 — 0.010 ipr 

Width of cut = 0.200 in. 

Cutting fluid = air 
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r COS @ (2) 
= tan 
l1—rsina 


in which r = t)/t = l/l is the cutting or chip ratio and can be de- 
termined from chip measurements [1, 7, 8]. The shear area Ag 
on which the force components Fg and Fy act, can be determined 
from the thickness f) and width wy» of the layer of metal removed. 
This layer transforms into the chip of thickness ¢ and width w 
under constant volume and plane-strain conditions so that mw» = 
w. The shear-plane area is then given by 


(3) 
sin 

Hence Fg, Fy, and Ag ean be determined when r, a, fy, and 
Fy are available from metal-cutting tests. 

The shearing force /’s and shearing areas A, were calculated for 
SAE 1112 steel tested in the as-received (cold-rolled) condition. 
The results and testing conditions are shown in Fig. 2. It is seen 
that at the cutting speed of 90.8 fpm the data points lie on a 
straight line with a seatter band which is only slightly greater 
than that for 10 reproducibility data points shown by a solid bar. 
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Fig. 3. Shear force, Fs, as function of shear-plane area, As, on which 
force acts for all SAE 1112 steel; cold-rolled and annealed 
Cutting condition: 

Tool = 18-4-1 high-speed steel, 3 deg end clearance 

End cutting of tubular specimen 

Mean cutting speeds = 33.7 — 170.8 fpm 

Feed = 0.002 — 0.010 ipr 

Rake angles = 5 — 40 deg 

Width of cut = 0.200 in. 

Cutting fluid = air 
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The reproducibility data points were obtained by keeping the 
cutting conditions constant. It must be concluded, therefore, 
that the scatter is nearly all due to experimental errors and that 
the shear force fF’, is essentially a linear function of the shear area. 
It is even more startling to observe that all metal-cutting data 
points at three different speeds, ranging from 33.7 to 170.8 fpm, 
obtained with SAE 1112 annealed and cold-rolled steel, can be 
plotted on a single graph as shown in Fig. 3. It is again seen that 
the deviation from linearity is of the order of the seatter of the 
reproducibility runs. 

These results, however, are no mere coincidence, because for 
the remainder of the alloys tested in this investigation, which are 
shown in Figs. 4 to 6, inclusive, the same linear relationship be- 
tween F's and Ag exists. The somewhat greater scatter of some of 
the data points observed here may be attributable to the greater 
tendency for chatter to oecur. It is of interest again to note that 
the 2024-T4 aluminum alloy test data for two cutting speeds also 
fall on a single straight line as shown in Fig. 4. 

To assure that these data are not peculiar to the present idiosyn- 
cracies of testing, additional data were taken from the literature 
and are shown in Figs. 7 to 9, inclusive. 


Again, straight lines are 
observed and, in fact, linearity remains even when the cutting 


0.003 
As, in? 


0.001 0.002 0.004 0005 0.006 


Fig. 4 Shear force, Fs, as function of shear-plane area, As, on which 
force acts for 2024-14 aluminum alloy 

Cutting condition: 

Tool = 18-4-1 high-speed steel, 3 deg end clearance 

End cutting of tubular specimen 

Mean cutting speed = 570 — 798 fpm 

Rake angle = 5 — 40 deg 4 

Feed = 0.002 — 0.010 ipr 

Width of cut = 0.200 in. 

Cutting fluid = air 
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speed is varied from 197 to 1186 fpm as occurred in Merchant’s 
tests, the results of which are shown in Fig. 8. 


Inasmuch as all F's versus Ag graphs show positive intercept F'so 
at zero Ag, Figs. 2-9, it is of interest to seek an explanation for this 
anomaly. Backer, et al. [9], proposed that the high forces ob- 
served at small feeds result from a size effect. These investigators 
apparently could show that for very thin chips such an effeet 
existed, as for example, in grinding and in micromilling. When 
the chips are relatively thick, however, as in the present investi- 
gation, it is doubtful that a size effeet is active. Another ex- 
planation was offered by Shaw and Finnie [10], who assumed 
that the shear-plane area is actually larger than that determined 
from chip measurements because of the fact that some bulging 
occurs at the free surface of the chip where the shear plane ter- 
minates. This bulging is described as flow ahead of the shear 
The results of the present investigation could be inter- 
preted as offering support for this hypothesis. 

Another explanation might be offered by the fact that flank 
wear occurs on all cutting tools. 


plane. 


It may be assumed, therefore, 
that this must be accompanied by frictional effects between the 
tool and the workpiece. This concept was suggested by Thomsen, 
et al. [11], who proposed that a certain force would be necessary 
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Fig. 5 Shear force, Fs, as function of shear-plane area, Ax, on which 
force acts for 6061-16 aluminum alloy 

Cutting condition: 

Tool = 18-4-1 high-speed steel, 3 deg end clearance 

End cutting of tubular specimen 

Mean cutting speed = 573 fpm 

Feed = 0.002 — 0.010 ipr 

Width of cut = 0.200 in. 

Cutting fluid = air 
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to overcome deformation and friction at the flank of the tool and, 
therefore, contributed nothing to chip deformation. 

In order to test if the workpiece-deformation hypothesis might 
be used in explaining the intercept F’s0, which is nearly constant for 
a material and independent of rake angles and cutting speeds in- 
vestigated, typical dynamometer forces ’, and Fy, as functions 
of feed, were plotted in Figs. 10 and 11. ‘It is seen that all data 
points for a given rake angle a@ can be represented by straight lines 
except those for 5 deg at all feeds, and 10 and 15 deg at higher 
feeds. In the latter cases the deformation mechanism may differ 
from the remainder of the test conditions since the chips have a 
tendency to become discontinuous. It is of interest to note, how- 
ever, that the shear forces still appear to be linear functions of A x, 
even though F’, and Fy are not linear with feed. 

It. may be noted that all straight lines of Figs. 10 and 11 inter- 
sect at nearly the same force values. This fact, observed with 
their earlier data, led Thomsen, et al. [11], to the conclusion that 
this force at the intercept was not available for chip deformation, 
since in this case the feed is zero. This concept was discussed in 
their paper by Hahn [11] who showed that an instability occurs 
at low feeds (less than 0.001 ipr) and his observed force readings, 
it was claimed, actually decreased to zero as feed approached zero, 
This and similar interpretations of experimental data have led to 
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Fig. 6 Shear force, Fs, as function of shear-plane area, As, on which 
force acts for alpha-brass (85 per cent Cu, 15 per cent Zn) 


utting condition: 


Tool = 18-4-1 high-speed steel, 3 deg end clearance 
End cutting of tubular specimen 

Mean cutting speed = 472 fpm 

Feed = 0.002 — 0.011 ipr 

Width of cut = 0.181 in. 

Cutting fluid = air 
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the concept of size effect, as noted in the foregoing, since at small 
feeds the ratio of uncorrected shear force to shear-plane area, 
F';/Ag = T, yields shearing stresses which assume unreasonable 
magnitudes at low feeds. If it is accepted, however, that at low 
feeds of the order of 0.001 ipr or less, as reported by Hahn [11], 
the mechanism of chip formation changes radically (since at these 
feeds the chips become discontinuous and disintegrate to metal 
powder), then the intercept concept for formation of continuous 
chips may be valid. 

The actual intercepts taken from Figs. 10 and 11 were used to 
calculate the forces Ro and F's shown in Fig. 12. It is at once evi- 
dent that F's is, at least to a first approximation, constant and 
hence nearly independent of a. 

If it is accepted that the intercept of Fs at zero Ag may be 
regarded as a constant force unavailable for chip deformation, 
owing to whatever cause, then the shearing force on the shearing 
plane can be written as follows: 


Fs = F so + (Fs F 50) = A st (4) 
Hence the slope of each straight line of Figs. 2-9, inclusive, is 


given by (F's — Fso)/As = 7 and is the constant shearing stress 
or shearing flow stress on the shear plane, 
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Fig. 7 Shear force, Fs, as function of shear-plane area, As, on which 
force acts for SAE 4135 


Cutting condition: 
Tool = 18-4-2 + 5Co high-speed steel, 3 deg end clearance 
Mean cutting speed = 29.4 fpm 
Rake angle = 25 — 40 deg 
Feed = 0.002 — 0.010 ipr 
Width of cut = 0.231 in. 
Cutting fluids = CCl, and Lusol 
Data from Creveling, et al. [5] 
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Normal Stress on Shear Plane 


It also may be of interest to examine the norme! forces on this 
same plane. Figs. 13 to 15, inclusive, show examples of the normal 
forces F'y as functions of shear-plane areas As, which were ob- 
tained in the present investigation. It is evident that no single 
line can be drawn and that the data points appear to align them- 
selves into families of curves with angles a as parameters. It may 
be of interest to note further that occasional instabilities in the 
apparent operating conditions seem to occur as indicated by data 
points 209, 215, 328, and 332 in Fig. 14, which depart from the 
general trend of the Fy versus Ag relationship. No such de- 
parture from the general trend, however, is observed for the 
corresponding data points, /’s versus Ag, shown in Fig. 3. This 
anomaly may be explained by the fact that a sudden change in the 
friction mechanism on the tool face, as for example a small built- 
up edge, will affect the normal force on the shear plane and conse- 
quently the normal stress without necessarily affecting the shear 
mechanism on this same plane. It appears, therefore, that a 
unique solution for the unknown functional relationship of the 
normal stresses on the shear plane must incorporate the mecha- 
nism of friction on the tool face; it also appears, however, that the 
solution is independent of the shearing stresses on the shear 
plane. Hence the concept of independence of maximum shearing 
flow stress from normal stress for a given strain rate or strain, 
which is the common concept employed in the theory of plasticity, 
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Fig. 8 Shear force, Fs, as function of shear-plane area, As, on which 
force acts for NE 9445 steel 
Cutting condition: 

Sintered-carbide tool 

Mean cutting speed = 197-1186 fpm 

Rake angle = +10 to — 10 deg 

Feed = 0.0037 — 0.0079 ipr 
Width of eut = 0.25 in. 
Data from Merchant [1] 
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seems to apply to the process of chip formation in metal cutting. 


Properties of Workpiece at Metal-Cutting Conditions 


Accepting the concept of intercept correction for the shearing 
forces on the shear plane, it remains to be explained why the shear- 
ing stress is not a function of strain or strain rate. In order to do 
this it is profitable at this time to review present knowledge of the 
stress-strain relationships at high rates of strain and the strain 
rates to be expected in metal cutting. 

A number of investigators have attempted to affix magnitudes 
to strain rates in metal cutting, but agreement here is poor and 
the only item on which agreement exists is that the metal-cutting 
strain rates are extremely high. This lack of a clear-cut estimate 
of magnitudes of shearing strain rates is, of course, due to the 
fact that the shearing strain rate depends on the size of the shear 
zone which, under present methods of measurement, cannot be 
determined accurately. Thus, for example, Kececioglu [12] for 
low-carbon steel with cutting speeds varying from 126-746 fpm 
estimates the strain-rates to vary from 2500-212,000 per sec; 
Drucker’s [13] estimate is 40,000 per sec; Chao and Bisacre [3] 
believe they vary from 10*-10* per sec; and Shaw’s [14] estimate 
is that they are of the order of 10° per see and higher. These 
strain rates are extremely high when compared with a static ten- 
sion test where the strain rates are of the order of 10~° per sec, or 
a rapid impact test with strain rates of about 10° per see. 
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Fig. 9 Shear force, Fs, as function of shear-plane area, As, on which 
force acts for SAE 1015 steel (118 BH) 
Cutting condition: 
Carbide-tipped tool 
Mean cutting speed = 126 — 746 fpm 
Rake angle = —10 to 36.5 deg orthogonal cutting 
Feed = 0.004—0.012 ipr 
Width of cut = 0.169 in. 
Cutting fluid = air 
Data from Kececioglu [12] 
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Quantitative information on stress-strain properties at high 
rates of strain, approaching those of metal cutting, are not to be 
found in the literature. This is evidently because of the fact that 
test speeds are beyond the scope of ordinary laboratory equipment 
and metal-cutting strain rates apparently have not as yet been 
realized. This led Shaw [14] to the belief that, if we understand 
the mechanics of metal cutting thoroughly, it should become possi- 
ble to use it as a property test. It must be realized, however, that 
this would not permit us to obtain complete stress-strain curves, 
but only mean shearing stresses or flow stresses. ; 

The effect of strain rate on the flow stress of metals has been 
Much time and 
effort have been expended on studying the behavior of metals in 
the creep range of deformation rates and it appears that an 
understanding of the mechanism is beginning to emerge. 
[15, 16 
theory 


a subject of investigation for many years. 


Dorn 
a comprehensive account of the 
It appears that at least for high-purity aluminum alloys 
a single mechanism of creep is operative at high temperatures in 
the vicinity of the melting temperature of the metal. This 
mechanism of plastic flow appears to be that of a thermally ac- 
tivated dislocation climb process, in which the activation ener- 
gies are 


has recently given 


those of self-diffusion. At higher stress levels for any 
given strain, however, which correspond to lower temperatures 
and higher strain rates, the mechanism of plastic flow appar- 
ently changes. It is suggested that more of the energy required 


for plastic flow now comes from the applied mechanical energy 
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Fig. 10 Horizontal tool force, F 1; (cutting force) as function of feed, fo, for 
SAE 1112 steel in cold-rolled state 


0.008 


‘utting condition: 
Tool = 18-4-1 high-speed steel, 3 deg end clearance 
End cutting of tubular specimen 
Mean cutting speed = 90.8 fpm 
Feed = 0.002 — 0.010 ipr 
Width of cut 0.200 in. 
Cutting fluid air 
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and less from thermal fluctuation alone. These observations 
generally agree with what is believed to occur at high rates of 
strain. 

Cottrell [17] recently gave an interesting discussion of what 
might be a mechanism at high rates of strain. He assumes that 
the slip process in metals, as is now generally accepted, is that due 
to movement of dislocations. Dislocations are believed to be 
present in all metals and are called primary dislocations. These 
primary dislocations create secondary dislocations and have 
been called Frank-Read sources. These dislocations are believed 
to move and in the process create a large number of new ones by ° 
a mechanism originally suggested by Frank and Read [18]. 
Such sources have now actually been observed in real crystals. 
The dislocation is considered as a line of slightly displaced atoms 
on which terminates an extra so-called half plane of atoms in the 
crystal. Under the presence of a sufficient stress the line or edge 
dislocation can bow outward and in this movement from a dis- 
location loop. As the loop breaks away from its anchorage a new 
line source is created. Hence every new dislocation loop formed, 
which in essence is plastic deformation, creates at the same time 
a new Frank-Read source. 

The formation and movement of these dislocation loops require 
both temperature and sufficient stress in varying degrees to over- 
come the obstacles in their paths. These obstacles may be in the 
form of stress fields formed by other dislocations (work-harden- 
ing), alloy precipitates (precipitation-hardening), and = grain 
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Fig. 11 Vertical tool force, Fy (thrust force) as function of feed, fy, for 
SAE 1112 steel in cold-rolled state 


Cutting condition: 
Tool = 18-4-1 high-speed steel, 3 deg end clearance 
End cutting of tubular specimen 
Mean cutting speed = 90.8 fpm 
Feed = 0.002 — 0.010 ipr 
Width of cut = 0.200 in. 
Cutting fluid = air 
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boundaries (polycrystalline effects). Such obstacles can be pre- 
sented by an undulating stress field. When the applied stress is 
smaller than that of the internal or undulating stress field, the 
dislocation cannot pass the obstacle except by thermal fluctua- 
tions and therefore is temperature-dependent. If, however, the 
reverse is true, rapid slip will occur. It is believed, therefore, that 
at high rates of deformation the applied stress must reach a 
critical value greater than the internal stress in order to start 
deformation and that straining then is sudden and catastrophic. 
The contribution in this case due to thermal activation, which is 
of importance at lower strain rates and lower internal stress 
levels, would be insignificant. From this it can be concluded that, 
at very high rates of strain, the following observations might be 
made: 


1 The initiation of yielding at high rates of strain is higher 
than that at lower rates; i.e., static yield point is below dynamic 
vield point. 

2 The temperature effect due to generation of heat by plastic 
flow is essentially absent; hence the flow stress is not a function 
of strain rate. 

3 The straining is sudden and catastrophic at any applied 
stress level; hence work-hardening effects cannot be observed. 
This implies that the stress-strain curve is flat topped. 


Drucker [13] suggested earlier that the shear stress-shear strain 
curves of metals at the high rates of strain encountered in metal 
cutting must be essentially flat topped curves. He based these 
observations on results from tension impact tests by Manjoine 
{19] and Fehr, et al. [20], and these results apparently sub- 
stantiate modern ideas on deformation by dislocation move- 
ment. Pugh and Watkins [21] in testing cylindrical slugs in a 
drop-forging test found that for aluminum the dynamic stress- 
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Fig.12 Shear-force components, Fo, on shear plane and resultant force, 
Ro, as functions of rake angle a for SAE 1112 steel. Note: Forces Fs» 
and R, were obtained from intercepts of Figs. 10 and 11 at zero feed. 
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strain curve at a mean strain rate of 50 per sec was higher and 


much flatter than the static stress-strain curve. They also tested 
copper, but the results are inconclusive, since the total strain 
achieved was limited. Cook [{22] has reported compression test 
data for a number of steels, including low-carbon steel, which he 
obtained with a cam-type plastometer designed to give constant 
strain rates. He found that all curves are relatively flat and often 
drooping beyond small strains of the order of 0.5. Unfortunately, 
his results, at strain rates up to 100 per sec, were obtained at 
temperature ranges from 1650 to 2200 F and room-temperature 
tests were not included. While these results do not appear to 
apply directly to high-speed strain rates when the specimens are 
initially at room temperature, they confirm at least qualitatively 
modern thoughts on the behavior of metals at high rates of 
strain. 

The fact that the shearing stresses on the shear plane, reported 
in the present investigation, appear to be constant and therefore 
are independent of strain rates and finite strains seems to be in 
qualitative agreement with the foregoing concepts on high rates 
of strain, providing the initial temperature of the metal just prior 
to entering the shear zone is at or near room temperature. In 
order to answer this question we might investigate the magnitude 
and temperature distributions at and near the shear zone. 
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Fig. 13 Normal force, Fy, as function of shear-plane area, Ax, on which 
force acts for SAE 1112 steel as-received 
Cutting condition: 
Tool = 18-4-1 high-speed steel, 3 deg end clearance 
End cutting of tubular specimen 

Mean cutting speed = 90.8 fpm 

Feed = 0.002 — 0.010 ipr 

Width of cut = 0.200 in. 

Cutting fluid = air 
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Fig. 16 Effective-stress versus effective- 
strain curves for materials used in metal-cut- 
ting tests. Data evaluated in compression 
tests using solid cylindrical specimens with 
grooved and lubricated ends compressed be- 
tween flat polished dies. 
Test curves are as follows: 
(1) SAE 1112 steel as-received (cold- 
rolled), 0.750 in. diam X 1 in. long 
(2) 2024-T4 aluminum alloy, 0.375 in. 
diam X 1/2 in. long 
(3) SAE 1112 steel annealed, 0.750 in. 
diam X 1 in. long 
(4) 6061-T6 aluminum alloy, 0.375 in. 
diam X 1/2 in. long 
(5) Alpha-brass (85 Cu, 15 Zn), 0.200 in. 
diam X 1/4 in. long 
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A number of investigators [23, 24, 25, 26] have tackled the 
problem of estimating the shear-plane temperature analytically 
by treating the shear plane as a moving heat source. The result- 
ing temperatures thus found are relatively high and are highest 
at the tool point. The additional friction on the tool as the chip 
slides over its face increases the interface to still higher tempera- 
tures. Thus, for example, Chao and Trigger {24] when cutting 
NE 9445 annealed steel at a cutting speed of 300 fpm, and with 
a (0-4-7-7-6-0-3/64) triple-carbide tool, calculated an average 
shear-plane temperature of 748 F and, measured by a work-tool 
thermocouple technique, a temperature of 1300 F on the tool- 
chip interface. While this high tool-chip interface temperature 
of 1300 F exists it probably will affect the friction mechanism 
without affecting the shear-plane temperature, since it occurs 
only in a narrow and somewhat removed zone. 

Vieregge [26] has determined a temperature distribution ahead 
of the shear plane and it was thought that this temperature might 
affect the initial temperature with which the material enters the 
shear zone and hence its initial properties. Vieregge determined, 
for example, that at a cutting speed of 200 fpm the average tem- 
perature rises from 200 F in a distance of less than 0.001 in. to a 
shear-plane temperature of about 800 F. While this temperature 
gradient could affect the initial shear properties of the material, 
it is doubtful that it is a factor here since the shear plane actually 
is a zone of finite thickness, possibly of the same order of magni- 
tude as the short distance in which the steep temperature gradient 
exists. Furthermore, the ripples readily observable on the air side 


of the chip indicate that the shearing process is not uniform and 
that it must consist of an intermittent slip process, in which the 
initial temperature of the metal just entering the shear zone may 
be considered to be essentially at room temperature. A similar 
conclusion was reached by Chao, et al. {3, 4]. ; 

A set of experiments substantiating the foregoing conclusions 
is supplied by Krabacher and Merchant [27]. These investiga- 
tors hot-machined SAE 3145, by raising the initial temperature of 
the workpiece and found that the cutting force FP, and F de- 
creased linearly with increasing initial workpiece temperature at 
constant cutting speeds. Thus it appears that from the stand- 
point of modern solid-state physics, the shearing stress on the 
shear plane in metal cutting should be independent of strain and 
strain rate. 


Correlation of Metal-Cutting Data With Properties of 
Workpiece 


It remains now to correlate the shear stresses observed in 
metal cutting with property tests. It has been pointed out al- 
ready that no such high-speed data at the metal-cutting strain 
rates are available. It is, therefore, of interest to compare metal- 
cutting data with static tests. This already has been done by 
Lapsley, Grassi, and Thomsen [28] and more recently by Weisz 
[29], who found that the shear stresses correlated approximately 
with the tensile properties at the same finite strains. Their 
dynamometer forces, however, were not corrected for possible 
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compression tests with all metal-cutting data points of 2024-T4 aluminum alloy 
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compression tests with a'l metal-cutting data points of 6061-T6 aluminum alloy 
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Fig. 21 Comparison of effective-stress ¢ and mean effective-stress 7,,—effective-strain curves from 
compression tests with all metal-cutting data points of alpha-brass (85 Cu, 15 Zn) 
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workpiece deformation with a consequence that the small feeds 
fell above the stress-strain curve. 

The plastic-flow properties for the materials investigated 
are shown in Fig. 16. The effective stress-effective strain curves 
shown in this figure were obtained with compression tests as- 
suming the distortion energy or Levy-Mises theory to hold. The 
effective stress ¢ is proportional to the quadratic invariant of the 
deviator stresses and reduces in a compression test to the axial 
stress o,. In the case of metal cutting, however, the value of 
& = 37, where z is the shearing stress on the shear plane. The 
corresponding finite effective strain é is also simply given by the 
true axial strain when stress ratios remain constant, which is de- 
fined as € = €, = In(l/l)) = 2 In (dy/d), where I, ly and d, d, are 
final and initial lengths and diameters of the test pieces, respec- 
tively. The effective strain é is related to the shearing strain ¥Y in 
metal cutting by the formula € = y/./3. It should be noted 
that the specimens, whose stress-strain curves are given in Fig. 16, 
were cut from the tube walls of the specimens (or solid end of 
SAE 1112) and their flat ends were provided with shallow spiral 
grooves to aid in lubrication to reduce barreling of the specimens. 
All tests were made in a hydraulie testing machine at low speeds 
with the specimens being deformed between flat polished anvils. 
It may be observed that the materials investigated were selected 
to give a reasonable range in instantaneous flow stresses and 
work-hardening characteristics. 

The comparison between metal-cutting data points and com- 
pression test curves (solid curves) is made in Figs. 17 to 21, inelu- 
sive, for all materials. 
tained by 


The metal-cutting data points were ob- 
correcting the shear forees Fy by subtracting the 
average intercept values, ie., T= = (Fs — Fgo)/ As. 
It should be noted that it was necessary to extrapolate the com- 
pression curves to higher values of effective strain €, since the 
test equipment did not permit obtaining large reductions. It is 
at once evident that the correlation is good, except for 2024-T4 
aluminum alloy, where the metal-cutting data points fell below 
the compression test curve. In order to compare also mean 
effective stresses &,, in compression tests with the metal-cutting 
data points, which is equivalent to comparing energies of deforma- 
tion, the additional curves are shown. The average effective 
stresses G,, for these curves were obtained by taking the area 
under the stress-strain curves of Fig. 16 for any value € and divid- 
ing this area by €: Le. 


It is seen that the &,, versus € curves fall below the metal-cutting 
data points except those of 2024-T4 aluminum alloy of Fig. 19, 
which now are in approximate agreement. 

From the foregoing comparison it appears that static-property 
test data can be correlated with metal-cutting data points, but 
the reason for correlation is obscure. There appears to be no 
simple mechanism by which it can be explained that the flow 
stresses in metal cutting and compression tests must take on 
unique values at the same finite strains. 


Conclusions 


1 The shearing stresses on the shear plane for SAF 1112 free- 
cutting steel and for the test conditions investigated appear to be 
independent of normal stress, finite strain, strain rate, and initial 
state of cold work. 

2 The shearing stresses for the remainder of the alloys, ie., 
2024-T4 and 6061-T6 aluminum alloys and alpha-brass, also 
were constant, but the range of cutting conditions was not as ex- 
tensive as that for SAK 1112. 
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3 The normal stresses on the shear plane appear to be related 
to the friction processes on the face of the tool, but the func- 
tional relationship is not as yet known. 


4 The shear-flow stresses in metal cutting and those obtained 
in a static compression test correlate well, except for 2024-T4 
aluminum alloy. The reason for correlation at a unique strain 
has not been determined as yet. 
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Observations on the Angle 
Relationships in Metal Cutting’ 


Orthogonal-cutting experiments using SAF. 1112 free-cutting steel, 2024-T4 and 6061- 
T6 aluminum alloys, and alpha-brass (85 Cu-15 Zn) at feeds of 0.002 to 0.010 ipr, 
were performed on a lathe with 18-4-1 high-speed-steel cutting tools. The mean cutting 
speeds and rake angles for SAE 1112 varied from 33.7 to 170.8 fpm and 5 to 40 deg, 
respectively, while the remainder of the alloys were tested at conditions yielding a con- 
tinuous chip without a built-up edge at speeds ranging from approximately 470 to 790 
fpm. It was found that the angle \ between the shear plane and the resultant tool force 
R_ was only approximately constant for each test condition and varied with cutting 
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speed. Hence the equation X = @ + B — a@ = const and the linear relationship 
between and B — a 


are only approximately satisfied. Furthermore, neither the 


Ernst and Merchant minimum-energy criterion, nor the Lee and Shaffer nor the Hill 
tdeal plastic-solid solution, is in agreement with all the experimental observations. 


i * basic problem of establishing a universal rela- 
tionship among the metal-cutting variables has apparently not 
been solved. This is despite the fact that attempts to analyze 
the mechanics of this process began more than one hundred years 
ago and coincided with the development of machine tools, some 
of which have retained their essential shape to this day. Scien- 
tific progress in the analysis of metal-cutting processes at first 
went hand in hand with the development of some of our modern 
tools but was soon outstripped by new developments introduced 
by the machine-tool builders which brought these tools and 
processes to near perfection. It appears that scientific achieve- 
ments, as measured by the understanding of the mechanics of 
metal cutting, never again were in step with the practical know- 
how of the art of metal cutting. This was brought out by Finnie 
{1 ]?in a recent survey of the metal-cutting literature, in which he 
made the startling revelation that by 1900 the analysis of cutting 
forces had become almost as well developed as it is today. 


Mechanics of Metal Cutting 


The model for orthogonal or two-dimensional! [2] metal cutting, 
to which the present investigation will be restricted, is shown in 
Fig. 1. Here the layer t of the workpiece in the form of a con- 
tinuous chip without built-up edge is seen to be removed by 
shearing along the shear plane. This is analogous to a process of 
stacking of cards on this plane in which small regions of the metal 
undergo plastic deformation. Subsequently, the chip of thick- 
ness ¢ flows along the face of the tool where it encounters friction 


on the tool-chip interface. The width of the chip remains es- 


sentially constant; i.e., wy) = w, and hence the problem is usually 


1 The paper is taken in part from the report entitled, ‘‘An Applica- 
tion of Plastic Flow Analysis to Orthogonal Metal Cutting,’’ May, 
1958, which was the result of an investigation sponsored by the 
Machinability program located at Rock Island Arsenal, Ill., under 
Contract DA-11-070-508-OR D-605, with the University of California. 

2 Numbers in brackets indicate References at end of paper. 

Contributed by the Metal Process Section of the Production Engi- 
neering Division and presented at the Annual Meeting, New York, 
N. Y., November 30—December 5, 1958, of THe AMERICAN SocieTY 
or MECHANICAL ENGINEERS. 

Note: Statements and opinions advanced in papers are to be 
understood as individual expressions of their authors and not those 
of the Society. Manuscript received at ASME Headquarters, August 
4, 1958. Paper No. 58—A-138. 
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treated us one in plane strain. The angle @ can be calculated 


from chip measurements by the equation 


rcos @ 
@ = (1) 
l1—rsine 


where r is the chip ratio and may be determined by a number of 
methods as will be shown later. The force system shown in Fig. 1 
is required to deform the layer fo as it is removed from the work- 
piece by shearing along the shear plane and to overcome friction 
as the chip slides up the tool face. The two forces Fy and Fy, 
which determine the force vector 2, may be obtained with a two- 
component dynamometer. A more comprehensive view of the 
force system is given by the force circle of Fig. 2, where it is shown 
that the angle between the resultant force R and the shear plane 
is given by 


A=o+8-a (2) 


Creveling, Jordan, and Thomsen [2] recently reported that A of 
equation (2) appeared to be constant for a given material and 
speed as rake angle and feed were varied. 

A number of attempts have been made to derive the functional 
angle relationship, f(@, 8, @) = 0 from first principles. It ap- 
pears, however, as noted by Hill [3] that only two of these have 
any real theoretical significance. These are the so-called Ernst 
and Merchant [4] solution, which is based on minimum energy, 
and the Lee and Shaffer [5] solution, which was derived by con- 
sidering that a portion of the chip behaves like an ideal plastic 
solid. These solutions are as follows: 
Ernst and Merchant solution is 


It should be mentioned that equation (3) was already considered 
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4 
x 
@ = 45 + a/2 — B/2 | A 
or 3 
| 
A = 45 — a/2 + B/2 
and Lee and Shaffer solution is 1 
@=45+a- 8 
or ( (4) = 
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Fig. 1 Model for orthogonal metal cutting 
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Fig. 2 Force system in orthogonal metal cutting 
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by Zvorykin [6] of Russia as early as 1893, and was later redis- 
covered by others [7, 8]. This fact, however, should not have 
the effect of depreciating the contributions made by Ernst and 
Merchant [4] and later by Merchant [9], since their work was 
done independently and certainly has had the effect of reviving 
the interest of scientists and engineers for work in the field of 
metal cutting. In addition, Merchant [9] has derived certain 
fundamental relationships such as shear strain, velocity com- 
ponents, stress components, and others which may be referred to 
as the basic equations of the mechanics of metal cutting. 

The solutions given by equations (3) and (4) are shown by 
straight lines on the graph of Fig. 3, and have the Cartesian co- 
ordinates @ and 6 — a. The experimental points available in 
the published literature do not, in general, fall on either of these 
curves and hence do not agree with equations (3) or (4). This 
apparent lack of uniqueness has prompted a number of investiga- 
tors to seek explanations for the nonconformity of real materials 
with the foregoing theories [9, 10, 11]. 

Hill [3], in his recent analysis of the mechanics of metal cutting, 


Table 1 


Dimension of test specimens 


Material OD, in. Wall, in. 
SAK 1112, as-received (cold-rolled) 2.875 0.201 
SAE 1112, annealed.... 2.875 0.201 
2024—T4, (24S-T).. 4.171 0.200 
6061—T6, 4.169 0.200 
Brass, 85 Cu + 15 Zn, cold drawn... 3.462 0.181 
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Materials and test conditions 


criticized the solutions represented by equations (3) and (4), in 
that he states they are incomplete solutions, since the entire state 
of stress was not examined. Hill [12] then proceeded to analyze 
the state of stress and using a new principle “‘on the limits set by 
plastic yielding to the intensity of singularities of stress,’’ came 
to the conclusion that it may be fruitless to search for a unique 
solution. In fact, he proved that for 8 = 45 deg and 8 = 0 deg as 
shown in Figs. 3(a and 6), respectively, the angle @ of the shear 
zone may be anywhere in the shaded areas. From this he argued 
that the actual angle @ in a valid steady state cannot be deter- 
mined unless the complete solution is known. Since complete 
solutions have not been proposed as yet, it must be assumed that 
the problem of metal cutting is still unsolved. 

Inasmuch as real metals do not necessarily behave like ideal 
plastic solids, however, it is not certain whether Hill’s arguments 
are valid. A case in point is the data which were observed by 
Creveling, Jordan, and Thomsen [2], who found that SAK 4135 
vielded results which fell outside the limit zones specified by Hill. 
Thus it appears that no solution on metal cutting is presently in 
complete agreement with the limited experimental data now 
available and that the suecess of obtaining a satisfactory solu- 
tion probably will not come until more data are published with 
which any proposed solution may be compared. It is the pur- 
pose, therefore, of the present investigation to increase the number 
of data points now known and to examine the constancy of A 
as reported by Creveling, Jordan, and Thomsen [2]. 


Experimental Procedure 

The materials investigated and test conditions are shown in 
Table 1. All specimens were cut from the same bar or tube to 
avoid the effects on the cutting conditions of variation in strue- 
ture and composition. The materials were tested in the as- 
received condition, except SA. 1112, which also was tested in 
the annealed condition. The test specimens were finish-turned in 
an engine lathe before mounting in the four-jaw chuck of a 14-in. 
X 30-in. American Pacemaker lathe. All tubular specimens were 
provided with plugs at the chucking end of the specimens to as- 
sure rigid mounting. In addition, all specimens were centered 
accurately (within 0.001 in. fir) before commencing any given 
test by end cutting. 

The dynamometer employed was of the beam type and was 
equipped with temperature-compensating SR-4 resistance gages, 
whose response to beam deflection was recorded on a two-channel 
Brush oscillograph. 

The single-point cutting tools consisted of commercial °/s-in. 
high-speed-steel tool bits (18-4-1 HSS), which were ground all 
over. The tools were prepared for each rake angle by grinding 
the flank so that the tool when mounted in the dvnamometer was 
provided with a 3-deg primary clearance angle. The grinding 
was performed on a Cincinnati tool and cutter grinder using a 
earborundum 4-in. 1!/:-in. AA46-KS8-V40 cupped grinding 
wheel. A secondary clearance angle also was ground on the flank 
and was approximately 10 deg, leaving a land of about * 
width. 
cinnati grinder between each test. 


The primary clearance angle was redressed on the Cin- 
The face of the tool also was 
refinished between each test by hand honing with a hard syn- 
thetic Arkansas honing stone. The honing strokes were main- 
tained parallel with the shank of the tool and hence the lay was 


Rake-angle 
range, deg 


Average cutting-speed 
range, fpm 


feed range, ipr 


5-40 0.002-0 33.7-170.8 

5-40 0. 002-0. 0098 33.7-170.8 

5-40 0. 002-0 0098 70-789 
20-40 0 002-0. 0098 573 
20-40 0.002 0.0111 172 
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feed 0.0063 ipr; cutting fluid air; tool 18-4-1 HSS with 3 deg end clearance. 
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Fig. 5 Reproducibility tests-chip ratios. Orthogonal cutting; material cut SAE 1112 as- 


received; speed 33.7 fpm; rake angle 30 deg; feed 0.0063 ipr; cutting fluid air; tool 
18-4-1 HSS with 3 deg end clearance. 
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parallel with the direction of chip flow. All tools were finished 
with a surface finish of better than 5 microin., as determined on 
an RMS type profilometer. 

The limits of feed, speed, and rake angle were dictated in the 
main by the absence of built-up edge, vibration, tendency for tool 
to dig in, and formation of segmental or discontinuous type of 
chips. Thus, for example, segmental chips with each segment 
still attached to its neighbor to form a continuous ribbon were 
observed with SAF 1112 at rake angles of less than 5 deg and 
occasionally even with rake angles equal to 5 deg. Conditions 
leading to vibration appeared to be present with all nonferrous 
alloys tested, but the tendency appeared to be least at the cutting 
speeds indicated in the table. 

In order to determine the chip ratios, three methods were used 
for all continuous chips, They were: 


(a) r, = l/ly = length chip ratio 
b) r, = lo/t = thickness chip ratio 
c) rT, = wpll,/W = weight-length chip ratio 


where the symbols have the following meaning: 


! = final length of center Jine of chip consisting of 5 revolu- 
tions of workpiece, as determined from a longitudinal 
reference slot cut into the test tube. Measurements 
were made on a special chip-length measuring device. 

/o = orginal length of chip when still in workpiece; it is equal 
to length of center line in mid-point of wall of tube cor- 
responding to 5 revolutions of workpiece. 

te = feed on lathe, accurately determined by calibrating 
actual advance of tool per revolution of workpiece. 

{ = average thickness at center of 5 representative chips. 
The thickness was measured in a supermicrometer 
having modified hardened ball anvils ('/;. in. on 
smooth or tool side of chip and 8/,5 in. on rough or air 
side of chip) and was corrected by subtracting 1.4 
times the sum of the surface finishes on both sides of 
the chip. It was assumed that the roughness profiles 
were of sinusoidal shape. Least count on micrometer = 
0.0001 in. 

!, = length of 10 short flattened chips each approximately 
0.3 in. long. The lengths were determined on a 
Bausch and Lomb contour projector equipped with «a 
graduated sector on its viewing screen corresponding 
to the curvature of the chips at a magnification of 
25:1. Approximate deviation from true length = 
+1 per cent. 

Wo = weight of 10 short chips of combined length /, which was 
determined in a chainomatie balance having a least 
count of 0.0001 gram. 

p = density of materials as determined from a representative 
sample in chainomatie balance. 
as follows: 

SAE 1112 as-received p = 


The densities were 


127.3 g per cu in. (specific 
gravity = 7.78) 
SAE 1112 annealed = p = 127.3 g per cu in. (specific 


gravity = 7.78) 


a = rake angle, deg 
(Fy Fy tan a) 
38 = 1°! friction angle, deg 


(Fa — Fy tan a\’ 
\ rcosa@ 


¢@ = tan" shear angle, deg 

= — a, deg 

r = chip ratio, subscripts, 1, ¢, w, refer to method of deter- 
mination (see text) 

ty = thickness of layer of metal removed, in. 

t = thickness of chip, in. 
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2024—T4 (248-T) 


p = 45.5 g per cu in. (specific 
gravity = 2.79) 
6061-—-T6 (61S5-T) p = 44.4 g per cu in. (specific 


gravity = 2.71) 
Alpha-brass, 85 Cup 142.72 per cu in. (specific 

+15 Zn cold drawn gravity = 8.70 
wy = width of chip before removal and is equal to wall thick- 
ness of tubular specimens. 


Determination was made 
with a micrometer with ball-point anvils to an accuracy 
of 0.001 in. 

final width of chip. It was determined on fiattened chips 
in a toolmaker’s microscope. Measurements were 
made to 0.0001 in. but rounded off to 0.001 in. in view 
of the fact that the edges become rough as a result of 
slight side flow, and the original tube walls were 
measured with an ordinary micrometer. It was found 
that the width of the chip may be considered to be 
constant and that plane-strain conditions evidently 
prevail. 


Slight increase in thickness for larger chips 
was evidently due to edge flow only. 


In order to test the reproducibility of all components of the 
ystem, ten runs were made with all independent variables held 
constant. The results are shown in Figs. 4 and 5. It is seen that 
generally the results reproduce quite wel! and that the experi- 
mental values of Fy, are within an estimated accuracy of +2 
per cent, angle @ 
q@) group themselves in a small 


The points representing the caleulated shear 
and difference of angle (8 — 
cluster as shown in Fig. 4. The seatter of these points is in good 
agreement with that caleulated from estimated probable errors in 
Fy, Fy, and ry. 

The chip ratios obtained by three chip-measuring methods are 
shown in Fig. 5. It is seen that the correlation between methods 
is generally good. For continuous chips the r, method was found 
to have a much smaller probable error than the other methods, 
presumably because measuring the length of the entire chip tends 
to average variations in thickness. For discontinuous chips the 
r,-method shows a slightly smaller probable error than the r,- 
method, the latter being, on the other hand, easier and faster 
The correction for roughness in the r,-method is very important 
for small feeds where the depth of valleys on the air side of the 
chip may be a significant fraction of the total chip thickness. 
For these reasons all calculations for continuous chips were based 
on r, and those for discontinuous chips were based on r,,. 


Experimental Results and Discussion 


The experimental results of the present investigation are given 
in Tables 3 to 12, inclusive, in the Appendix. In order to conserve 
space only the original data are shown: all quantities derived 
from these data are shown only in graphical form, The formulas 
and experimental variables used to determine all quantities 
which appear in this paper are summarized in Table 2 

The results of @ as a function of 8 — @ for SAF 1112 steel in 
the as-received (cold-rolled) state are shown in Figs. 6 to 8, in- 


clusive, for three cutting speeds varying from 33.7 170.8 fpm, 


Table 2. Nomenclature and equations 


= wall thickness of workpiece, In. 
w = width of chip, in. 
Fy = force component in direction of motion, |b 
Fy = force component normal to direction of motion, |b 
R = (Fu? + Fy?)'/2, resultant force, lb 
F = RsingB = Fu sina + Fy cos a, force component parallel 
to tool face, lb 
N = Reos8 = Fu cosa — Fy sin a, force component normal 


to tool face, lb 
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Fig. 6 Shear angle as function of (3 — a) for SAE 1112 as-received at 
33.7 fpm. Orthogonal cutting; feeds 0.0020 to 0.0098 ipr; cutting fluid 
air; tool 18-4-1 HSS with 3 deg end clearance. 


feeds from 0.002 to 0.010 ipr, and rake angles from 5 to 40 deg. 
In addition, all d ta points obtained with SAE 1112 steel in the 
as-received and annealed states are shown superimposed for the 
three speeds investigated in Figs. 9 and 10. In order that A = 
@ + 8 — @ remain constant, for any particular range of rake 
angles and feeds, it is necessary that the experimental points fall 
ona line parallel to the Lee and Shaffer line. It is seen by observa- 
tion that this condition is not satisfied completely. It appears, in 
fuet, that the average slope of the experimental curves is some- 
where between the slopes of the Lee and Shaffer curve and the 
ernst and Merchant curve. It should be noted that the data 
points for the small feeds are generally farthest away from the 
mean grouping of the data points. This phenomenon may be 
issociated with a size effect [13], as has often been suggested, or 
possibly with workpiece deformation [14]. It also should be 
noted that the scatter of data points given in any particular figure 
is no greater than that whieh Merehant [9] presented in his origi- 
nal puipel ind on which he based his proof of the minimum-energy 
eriterion 

examining Figs. 9 and 10 it may be noted that the data points 
approach the Lee and Shaffer curve more closely, i.e., @ = 45 deg, 
as the cutting speed is increased. This fact is more clearly seen in 
Pigs. LL and 12, where X has been plotted as a function of cutting 
speed for SAE. 1112 steel in the as-received and annealed states. 
The data points at each speed have been plotted as functions of @ 
in order to spread out the points. 

The remaining data for the aluminum alloys 2024-T4 and 
6061-T6 and the alpha-brass are given in Figs. 13 to 15, inclusive. 
It is seen that the data points of the 2024-T4 aluminum alloys fall 
above the Lee and Shaffer curve, which is the limiting curve 
bounding Hill’s possible domain for a solution, while the data 
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Fig. 7 Shear angle as function of (3 — «) for SAE 1112 as-received at 
90.8 fpm. Orthogonal cutting; feeds 0.0020 to 0.0098 ipr; cutting fluid 
air; tool 18-4-1 HSS with 3 deg end clearance. 


points of brass have a slope of their own which is even smaller 
than that of the Ernst and Merchant curve. 

From the foregoing it is evident that X is only approximately 
constant and that its magnitude appears to depend on cutting 
speed and material or, perhaps, variables not vet determined. 
In addition, the functional relationship between @ and B — a, 
while approximately linear, follows neither the minimum-energy 
nor the ideal plastic-solid solutions. This agrees with observa- 
tions recently reported by Pugh [15] and Chisholm [16]. It is 
evident, therefore, that no single criterion is applicable to the 
angle relationship in metal cutting and no satisfactory theory is as 
vet available to account for all the experimental observations. 


Conclusions 


| For the materials and cutting conditions investigated, it 
was found that the angle A between the resultant force R and the 
shear plane is constant only to a first approximation; hence A = 
const is not a unique solution for any given material. 

2 The functional relationships between the shear angle, ¢, 
and the difference in friction angle and rake angle, 8 — a@, are 
only approximately linear. 

3. Neither the Ernst and Merchant minimum-energy criterion, 
nor the ideal plastie-solid solution of Lee and Shaffer, nor that 
of Hill is in agreement with all the experimental observations. 
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ting; feeds 0.0020 to 0.0098 ipr; cutting fluid air; tool 18-4-1 HSS with 3 deg end clearance. 


APPENDIX 
Meaning of Symbols used in Tables 3 to 12 


rake angle, deg 

force component in direction of motion, lb 

force component normal to direction of motion, Ib 1 
feed, thousandths of an inch per revolution 7 
length chip ratio Chip finish —roughness in root-mean-square values, microinches 
thickness chip ratio Tool—refers to measurements on tool side of chip 


weight chip ratio Air—refers to measurements in center on rough or air 
wall thickness = initial width of chip, in. side of chip 


w = final width of chip, in. 
@ = shear angle, deg 
= tool-chip contact length, in, 
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Orthogonal cutting; rake angles 5-40 deg; feeds 0.0020 to 0.0098 ipr; 
cutting fluid air; tool 18-4-1 HSS with 3 deg end clearance. 
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Work material; SAE 1112 as-received 
Tool material: HSS (18-4-1); 3-deg end clearance 
Mean cutting speed: 33.7 fpm 


Table 3 Cutting data 


Cutting fluid: Air 
Outside diameter of tube: 2.875 in. 
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| | Chip Ratios ly Chip Finish es 

| Run |X | Fy | F t r r r w w qd | Min. Max. | Tool Air ee 
| No. | ° 1 t w ° 
| 26 | 5/166) 60| g.99 202| 0.189 | 0.193 .202 | 0.201 | 11 013} 30 | 180 
27 5|170| 60) 200 | 0.191 | 0.202 .202 | 0.202 | 119 | 9.010 014) 10 | 217 

29 | 5 | 269) 89/| 224| 0.224 | 0.233 .202 | 0.200 | | .021 026, 19 | 160 

30 5 | 274, 90/| | 0.218 | 0.234 02 | 0.201 | | 8.017 027; 19 | 170 
33 5 | 270! 95 | 0.214| 0.224 02 | 0.201 | 120% | .016| 16 | 206 
31 5 | 354) 124| 9263 | 0.251 | 0.262 02 | 0.202 | | .017/| 17 | 362 
| 32 353 | 123 | 265 | 0.256 | 0. 268! 02 | 0.201 | 15% | .019| #035; 27 | 364 

34 5 | 410) 143 02 | M279 | 0.269 | 0.284 02 | 0.201 | | “021 | .034, 17 | 430 
35 5 435 | 145 | 02 272 | 0.266 | 0.284 02 | 0.201 | 15. .018 | 032) 20 | 410 ma 
36 |10| 114) 36 | 303 | 0.278 | 0.296 | 02 | 0.201 | 17. -013 | .017| 12 | 154 
37 | 10|120| 36 | [99 | M303 | 0.286 | 0.299) 02 | 0.202 | 17. 010 | 15 | 204 
38 | 10| 235| 65 | 263 | 0.254 | 0.262 | | 0.202 | 15. 016 | 8 | 140 | 
| 40 | 10 | 233/ 68 01 266 | 0.258 | 0.258 | 202 | 0.201 | 15. 016 | .020} 11 | 127 | pas 
41 |10/|360| 88 31 262 | 0.259 | 0.266 | | 0.200 | 15. 021 12 | 163 | 
42 |10|355| 90 | 256 | 0.241 | 0.256 | | 0.200 | 14. 025 | 21 | 142 | 
44 | 10/ 405| 103 | M02 | 267 | 0.259 | 0.266 202 | 0.202 | 15. 1033 | 17 | 143 
45 |10 410 | 103 | 269 | 0.260 | 0.268 | 0.201 | 15. .034 14 | 140 | 
F 46 | 10/ 470) 118 | 284 | 0.273 | 0.287 | | 0.200 | 16. .029 | 20 | 167 | 
: 47 | 10)! 479| 119 81 289 | 0.280 | 0.291 | 0.201 | 16. .036 |M.042| 16 | 193 | 
48 |15| 94] 29 99 404 | 0.392 | 0.396 |f/202 | 0.200 | 23. 004 -- 14 | 126 | te 
50 | 15 90| 28 | 99 | 397 | 0.391 | 0.389 | 0.201 | -- 12 | 133 | 
51 |15|178| 40 | fol 369 | 0.366 | 0.374 202 | 0.201 | 21. .012/ 0.015} 14 | 136 | Seams 
52 |15|178| 45 | | 0.366 | 0.370 202 | 0.201 | 21. .012| 0.016} 11 | 157 | 
53 |15| 173 43 | | 0.370 | 0.377 202 | 0.201 | 22. .010 | 0.014] 14 | 140 | 
54 |15 | 273 | 60 | M31 362 | 0.362 | 0.372 202 | 0.201 | 21. .017 | 0.022} 14 | 183 | 
56 |15 | 267| 58 31 364 | 0.364 | 0.371 201 | 0.200 | 21. .017 | 0.023} 18 | 163 

57 | 15 | 405| 88 81 |M.354 | 0.350 | 0.365 201 | 0.200 | 20. .025 | 0.030} 20 | 137 ae 
58 |15|412| 85 81 |. 352 | 0.354 | 0.364 201 | 0.200 | 20. .026 | 0.030} 20 | 170 ik 
59 |20| 87] 16 99 448 | 0.433 | 0.437 201 | 0.200 | | 0.007} 11 | 117 
60 |20| 88| 16 | 99 | .451 | 0.435 | 0.445 201 |0.200 | 269, M007 | 0.008) 12 | 137 een 
61 | 20| 158 | 29 MM. 445 | 0.438 | 0.445 201 | 0.200| 0.012) 11 | 157 

62 |,20/155 | 28 ol 440 | 0.428 | 0.436 201 | 0.200) 26 -010| 0.011) 12 | 147 
63 |,20 | 234 | 36 31 435 | 0.435 | 0.446 201 | 0.200] 0.018! 14 | 147 
: 64 |:20 | 230 | 38 31 435 | 0.436 | 0.448 201 | 0.201) M.015| 0.018; 14 | 153 
65 | 20 | 290 | 40 02 430 | 0.425 | 0.432 201 | 0.201} 25 018| 0.021| 14 | 140 Ee 
66 | 20 | 285 | 43 02 435 | 0.434 | 0.449 201 | 0.201 | 25 017| 0.023; 16 | 160 aloes 
67 | 20 |348 | 51 81 429 | 0.430 | 0.430 201 | 0.200} 25 022) 0.029] 21 | 160 some 
68 | 20 |351 | 54 81 430 | 0.438 | 0.452 201 | 0.201] 25 018| 0.027| 35 | 180 ie 
69 | 25 | 79 | 11.599 501 | 0.480 | 0.485 201 | 0.200 | 29 .008| 0.009} 14 | 123 ote 
71 | 25 | 83 | 13.59% 99 | | 0.486 | 0.491 201 | 0.201 | 30 007| 0.008| 17 | 120 
72 | 25 |143 | 17 497 | 0.493 | 0.499 201 | 0.201 | 29 .008| 0.010| 15 | 137 
73 | 25 (145 | 20 9.01 |. 494 | 0.490 | 0.495 201 | 0.201 | 29 .008| 0.011} 11 | 140 pon 
74 | 25 | 213 17 | (8.487 | 0.491 | 0.496 201 | 0.201 | 29 0.015} 12 | 153 
75 | 25 | 313 20 [B31 |. 492 | 0.491 | 0.499 201 | 0.201 | 30 .012| 0.014| 20 | 143 ee 
77 | 260 | 27 9.02 |. 487 | 0.490 | 0.496 201 | 0.201 | 29 .016| 0.020} 13 | 160 
78 5 | 268 | 25 490 | 0.480 | 0.487 201 | 0.200 | 29 014| 0.018} 15 | 160 
79 | 25 |325 | 28 | 0.500 | 0.508 201 | 0.200 | 29 .016| 0.021} 21 | 147 

80 | 25 |325 | 32 | 0.485 | 0.494 201 | 0.201 | 28 016 | 0.020} 53 | 152 
81 | 25 |318 | 28 | 0.483 | 0.495 201 | 0.201 | 28 022 | 0.033| 20 | 150 
82 | 30 | 81 | 14 199.551 | 0.530 | 0.553 201 | 0.200 | 33 007 | 0.008| 18 | 107 
83 | 30 | 75 7 |0.515 | 0.525 201 | 0.201 | 33 006 | 0.007| 16 | 107 
84 | 30 | 77 9 |9.544 | 0.522 | 0.519 201 | 0.201 | 33 006 | 0.007} 18 | 117 
85 | 30 | 193 8 (8-544 | 0.535 | 0.535 201 | 0.202 | 33 009 | 0.011] 12 | 148 
86 | 30 |137 7 (9.541 | 0.534 | 0.541 201 | 0.202 | 32 .008 | 0.010} 12 | 132 
87 | 30 |197 6 (8.539 |0.536 | 0.547 . 201 | 0.200 | 32 .010 | 0.014] 14 | 137 
88 | 30 |185 1 9.31 | 0.540 | 0.543 201 | 0.200 | wm 012 /0.015| 14 | 142 
89 | 30 |196 5 9.31 (9.541 |0.544 | 0.550 201 | 0.200 | 32 .010 | 0.012} 14 | 143 
90 | 30 | 249 3 |0.526 | 0.540 . 201 | 0.201 | 32 .018 | 0.021| 15 | 140 
91 | 30 |246 6 8.536 |0.534 |0.545 .201 |0.200 | 32 .019 | 0.021} 16 | 127 
92 | 30 |286 5 9.81 98.536 |0.538 | 0.547 .201 | 0.201 | 32 .020 | 0.027| 20 | 150 
93 | 30 |298 5 9.81 98.533 |0.544 (0.541 .201 |0.201 | 32 .019 | 0.031 | 20 | 130 
94 |35 | 79 2 97.590 |0.545 (0.565 .201 | 0.201 | 36 .007 | 0.007} 19 | 103 
95 |35 | 78 3 9.99 H.590 |0.533 |0.576 .201 |0.200 | 3 .006 |0.006| 20 | 100 ee 
96 |35 |128 | -3 |0.571 |0.584 .201 |0.200 3 fm.008 |0.010| 17 | 135 
97 |35 |133 | -4 H.585 |0.569 |0.578 .201 |0.201 |0.009| 16 | 130 
100 |35/125| -2 | .584) 0.583 | 0.591 .201 | 0.201 | | p.008 | 0.009; 16 | 123 
98 |35|185| -9 .579 | 0.581 | 0.589 .201 | 0.200 | 359 | f.012| 0.015; 15 | 140 eae, 
99 |35/ 186] -9 | 579 | 0.583 | 0.589 .201 | 0.201 | 35 012 | 0.015; 17 | 160 
101 | 35 | -13 | 572 0.565 | .201 | 0.201 | 34 .015 | 0.020) 23 | 130 

102 | 35 229| -9 | 578 | 0.594 | 0.586 .201 | 0.201 | 35 .013 0.021| 22 | 127 Sag 

103 | 35 | 279} -11 | 568 | 0.559 | 0.567 .201 | 0.201 | 34 .022 | 0.034, 48 | 157 es 
104 | 35 | 280| -11 566 | 0.572 | 0.583 .201 | 0.201 | 34 .023 0.032, 40 | 140 tps 
105 | 40! 75 4 .634 | 0.603 | 0.616 .201 | 0.200 | 39 .008 | 0.009; 32 | 110 
106 | 40} 70 0 630 | 0.598 | 0.618 .201 | 0.200 | 39 007 -- 28 | 110 oe 
: 107 | 40| 69 2 .625 | 0.602 | 0.618 .201 | 0.200 | 38 .007 | 0.009; 33 | 103 pee 
108 | 40|125| -7 .624 | 0.638 | 0.612 .201 | 0.201 | 38 .010 | 0.011} “33 | 130 caper 
109 | 40 | 124} -10 .627 | 0.609 | 0.613 .201 | 0.200 | 38 -- -- 18 | 130 wh 
110 | 40 | 178| -17 | 617 | 0.638 | 0.636 .201 | 0.200 | 38 .015 -- 23 | 120 Be rs 
111 | 40 | 179} -16 | .613 | 0.622 | 0.615 .201 | 0.200 | 37 .014 |0.015| 26 | 127 ee 

112 | 40 | 210| -24 .613 | 0.620 | 0.615 .201 | 0.200 | 37 .015 | 0.018; 20 | 140 aay 
113. | 40 | 212] -23 .613 | 0.626 | 0.635 .201 | 0.201 | 37 .015 |0.017| 22 | 143 Seis 
114 | 40 | 258} -30 | .613 | 0.625 | 0.629 .201 | 0.201 | 379 | 0.023! 27 | 150 
115 | 40 260 Boel | .598 | 0.603 | 0.609 .201 | 0.201 | 36 .019 |0.023| 48 | 127 ie 
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Table 4 Cutting data 


Work material: SAE 1112 as-received Cutting fluid: Air 
Poo] material: HSS (18-4-1); 3-deg end clearance Outside diameter of tube: 2.875 in. 
Mean cutting speed: 90.8 fpm 


— 
Ratios Chip Finish 
Tool Air 


co © 


1. 
3 
4. 
4. 
6. 
4. 
4 
6. 
6 
8 
2 
2 
4 
4. 
4. 
4. 
6. 
6. 
6. 
8. 
8. 
9. 
9. 
| 4. 
| 4. 
4. 
| 6. 
6. 
| 6. 
6 
| 8. 
| 8. 
8. 
| 8. 
9, 
9 
| 9 
}1 
1 
| 4. 
4. 
4 
6 
6 
8. 
| 8. 
| 8. 
9. 
9. 
4. 
4. 
4. 
6. 
6. 
| 8. 
8. 
9. 
| 9. 
1a. 
1 
4 
4. 
6 
| 6. 
6 
| 8 
8 
9. 
9 
9 
1 
1 
| 4 
4 
6 
16 
6 
18 
9. 
| 9. 


| WW OWE RON OH ODMH OWN HOP WS 


Transactions of the ASME 


| Chip 
3 | 220 | 5 sal 62 99 7 -- | 007; 19 | 170 
| 224 5| 133] 63 99 | -- 
221 73 14 | 0.340 018; 29 | 261 
| 225 5 | 205| 88 01 | 0.356 019) 22 | 178 
| 222 | 5|233| 98 | 0.382 -- | 31 | 193 
223 | 5|263| 111 | 0.364 022| 38 | 208 
226 5 | 306 | 130 31 | 0.344 024; 73 | 163 
228 45 99 | -- 018; 11 | 160 | 
242 | 10/120! 44 010; 11 | 117 
230 | 10 | 187| 64 Ol 025; 16 | 150 | 
243 | 10/190) 65 01 | [400 O17; 17 | 
231 | 90 31 429 025, 18 180 | 
244 | 10 275| 89 31 410 024; 21 | 173 | 
Se ‘ 229 | 10 | 344| 123 02 | 408 028; 55 | 182 | 
245 | 10 | 340; 111 02 | 407 025, 45 | 163 | * 
a 196 | 15/119} 32 75 455 010; 17 | 140 
246 | 15/130] 37 75 466 011} 22 | 177 
195 | 41 462 016; 13 | 166 
247 | 48 01 468 013) 20 | 163 
Tigh 197 | 15/189! 48 89 459 017; #14 | 136 
233 | 15 | 193} 51 89 459 12 | 157 s 
| 201 | 15 | 242) 57 31 460 021 14 147 
202 | 15 | 63 31 472 023, 18 140 
248 | 63 31 467 18 | 175 
198 | 15 |305| 74 02 474 -- | 27 | 153 
234 | 15 | 291) 70 02 461 020, 19 | 173 
hi 199 | 15 |372| 97 81 459 024) 29 | 160 
me 235 | 15 | 395 | 110 81 446 035 +43 | 183 | 
140 | 20 |100| 24 [493 -- | 16 | 125 | 
141 | 20 | 25 99 499 -- | 15 115 
| 203 | 74| 18 99 499 -- 17 123 
i | 249 | 20; 87) 21 99 500 009; 15 | 120 
Sas | 142 | 20} 158! 37 01 504 -- 18 | 150 
He | 143 20) 165) 33 01 500 -- 1l | 147 
236 | 20! 155| 34 | M514 012| 28 | 150 
| | 20| 230) 45 | 017; 13 | 163 
Se | 145 | 20) 333) 45 31 500 016} 18 | 170 
| 200 | 232) 41 [506 016; 18 | 147 
: | 250 | 20| 229) 41 31 502 018; 12 | 163 
146 | 20/ 280) 53 so2 019; 17 | 158 | 
147 | 20} 45 02 500 018; 15 | 160 | 
nt | 148 | 20] 275) 48 02 499 021) 18 | 148 | 
| 251 | 20) 274) 51 soo 018} 17 | 170 | 
ae | 149 | 20 | 333| 58 81 505 021; 35 | 173 
| 151 | 20) 335; 55 81 506 021/27 | 187 | 
ere | 237 | 20|/ 327| 54 81 505 021; 22 | 163 | 
| 152 | 25| 84) 15 99 540 -- | 22 | 117 | 
Es | 85) 15 | [539 -- | 20 | 127 | 
| 204 | 78) 13 99 536 -- | 20 | 123 | 
“4 | 154 | 25/ 139) 19 01 544 -- | 25 | 150 
| 155 | 25| 144) 18 01 545 014; 16 | 170 | 
a | 205 | 25| 139| 18 0} 545 011; 15 | 127 | 
A 156 | 25) 212) 26 31 542 015, 26 | 150 
157 | 25, 24 (M31 | [541 015, 21 | 153 
| 158 | 25| 262} 27 02 544 019; 22 | 163 
| 159 | 25/ 259) 26 02 542 017; #19 | 140 
i 206 | 25| 258) 25 02 541 -- | 14 | 147 
| 160 | 25/ 312| 30 81 545 021; 22 | 157 
ee 161 | 25) 320| 34 81 545 021; 25 | 165 
1162 | 76| 12 | [580 -- | 95 | 
| 163 | 30) 79! 15 a4 583 28 | 117 
164 | 11 01 583 27 | 130 
| 165 | 30] 10 01 583 O11) 27 | 147 
| 238 | 30 | 134/ 12 Ol | #584 011) 25 | 153 
eax 166 | 30/ 200] 11 31 578 -- | 21 137 | 
| 167 | 30) 198 | | 015| 22 | 140 
168 | 30; 248 | 10 02 | 018; 17 | 153 | 
169 242) 10 02 . 578 017) #15 140 | 
ae 170 | 30) 300/ 12 81 | 581 022; 24 | 150 | 
ag 171 | 30} 293| 13 81 | 7.577 023} 33 | 137 | 
172 | 35; 74) 6 99 | 008' 28 | 110 | 
oe 173 | 35| 76 8 eye) 619 008 35 | 120 | 
ae: 174 | 35} 129 . 01 620 011; 25 | 120 | 
175 | 35] 132 5 01 621 | | | 
176 | 35] 189 11 31 617 120 | 
fi , 177 | 35| 188 9 31 619 014) 40 | 130 | 
240 | 35| 185 -2 31 611 017; 40 | 143 | 
178 $6) 933] -1 02 617 020, 28 | 150 | 
Se 179 | 35| 228 2 02 618 019! 17 | 127 | 
vei 181 | 35] 273 | -5 81 617 020) 26 | 127 | 
pete 182 | 35 | 285 -7 81 611 020 19 123 | 
183 | 35| -6 81 617 019! 23 147 
184 | 69 [647 009! 58 | 100 | 
185 | 40] 69 4 99 644 -- | 43 | 112 | 
192 | 126 0 01 648 | | | 
194 | 40] 118 -2 01 655 010; 47 | 117 | 
| 190 40} 173 | -10 31 648 015| 53 133 | : 
191 | 40} 174 | -11 31 648 015| 28 120 
es 241 | 40 | 173 -9 31 647 019; SO | 112 | 
es 188 | 40] 212 | -16 02 645 025 | 33 | 117 
189 | 210 -12 | [651 50 | | 
186 | 40] 263 | -19 81 644 035| 38 | 138 
{187 | 40| 256 | -22 81 | M646 38 | 120 
274 / aucust 1959 


Table 5 Cutting data 


Work material: SAE 1112 as-received Cutting fluid: Air 
Tool material: HSS (18-4-1); 3-deg end clearance Outside diameter of tube: 2.875 in 
Mean cutting speed: 170.8 fpm 


Chip Ratios Chip Finish 


Air 


120 
165 
140 
143 
113 


Table 6 Cutting data 


Work material SAE 1112 annealed Cutting fluid: Air 
Too] material: HSS (18-4-1); 3-deg end clearance Outside diameter of tube: 2.875 in. 
Mean cutting speed: 33.7 fpm 


Chip Ratios Chip Finish) 


~ 


194 
227 
257 
.192 
241 
268 
286 
321 
274 
293 
295 
375 
329 
340 
350 
436 
410 
405 
.395 
468 
-451 


210 


OOO OOOO 
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@. 

| 

to r) Tt ly Wo L w | Min. Max. Tool ae 

208 | 15! 95) 30 470 .010| 0.015) 43 

207° 168) 45 | 494 011/ 0.013! 16 

210° 81) 478 017 -- | 137 

| 209 | 15) 336) 171 445 016; -- | 200 ae 

(211 | 20; 85) 23 | 511 010} -- | 29 

| 212 | 179| 38 531 012| 0.014, 27 | 127 

213 20} 265) 58 | 527 014| 0.017) 35 | 147 

| 215 | 20| 429| 179 449 040 | 0.050; 93 | 168 

(216 | 25, 84) 564 007 | 0.008| 5% | 117 

| 217 25 170| 26} 580 | 012) 0.014| 46 | 147 

218 | 25| 256) 45 | 566 .016 | 0.018} 103 | 163 

(25 355| 85 528 .020 | 0.022} 75 | 160 

| a aye 

291. 5| 71 013 | | om 

292 | 5| 333] 115 | 022 | 10 | 383 

293 | 443| 147 -- | 12 | 308 

294 10| 165) 53 | 013 | 12 | 207 

296 88 025 | 10 190 

295 | 10} 410} 104 | 029 | 032) 210 | 

297 | 10) 518| 132 036 230 | 

298 | 15, 110! 30 009 | 12 160 

299 | 15} 266) 57 020 | 023, 10 | 180 Bass. 
300 | 71 | 029 | 031; 10 | 200 

301 | 15| 83 | 037 13 220 

302 | 20) 23 008 11 160 

303 | 35 016 017 9 | 170 

304 | 316) 44 024 | $027, 11 210 
305 | 20| 396| 50 - -- | 10 | 180 ga. 

306 | 25 85| 12 007 15 | 150 

307 | 25| 16 014 |fH015| 9 | i90 

308 | 269| 18 021 11 | 190 

309 | 25| 349| 20 026 10 | 170 
310 | 30| 78 6 007 008} 12 140 

311 3 012 10° 160 

312 238) -1 016 13 180 

313 | 30/ 305) -5 021 14 200 

325 35 79, 2 007 19 160 
324 | 35/ 156| -6 012 013; 15 | 147 He 

315 | 35| 148; -6 011 012) 14 | 150 
323 | 35| 225| -13 016 16 | 168 

317 | 35) 214| -14 017 14 | 137 

322 | 289| -19 021 023| 22 | 206 +e 

318 | 40| 72) -1 007 20 | 110 
319 | 40| -14 012 17 | 160 
| 320 | 40] 195| -24 | .017 15 | 180 
321 | 40/ 254] -31 | -- 21 | 163 


Table 7 Cutting data 


Work material: SAM 1112 annealed Cutting fluid: Air 
‘Tool material: HSS (18-4-1); 3-deg end clearance Outside diameter of tube: 2.875 in. 
Mean cutting speed: 90.8 fpm 


Chip Ratios T ‘Chip Finish] 


rt ry | in. - | Tool Air 


310 
276 
384 
360 
347 
356 
427 


10; 48) 

10| 77 

10} 392 

118 | 

15| 218 | 

15| 319 

15| 414 

20; 90) 1.99 | 0.440 
20) 195) 89 | 0.422 | 
275 35 10.412 | 
20 286 35 | 0.416 
20) 364) 8: |0 435 
25| 82] 1 1.99 | 0 482 
25| 174 89 0 460 
25| 251 35 | 0 453 
25 326 81 0 456 
30, 82 99 0 529 
30 159 89 504 
30| 235 | 35 494 
30 | 295 | 81 |0 502 
BS | 72) 99 |0 566 
35| 145 | 89 0.545 
35 | 220 | 35 10.535 
35 | 283 8! |0 533 
40| 68 | 99 | 
40 144 89 |0.585 
40) 148 89 |0 584 
40 | 213 35 |0.576 
40 | 201 35 |0 570 
40 | 266 81 0.564 


280 
223 
160 
263 
240 
263 
170, 
| 214 
223 
197 
238 
173 
223 
200 
233 
137 
215 
203 
180 
127 
167 


| 


@ 
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KDHE SLY ROCCO! 
oooo 


t 


ona 


Table 8 Cutting data 


Work material: SAE 1112 annealed Cutting fluid: Air 
‘Tool material: HSS (18-4-1); 3-deg end clearance Outside diameter of tube: 2.875 in, 
Cutting speed: 170.8 fpn 


Chip Ratios | | ‘Chip Finish 
r | | | Air | 


w 
| 


210 
200 
220 
210 
200 
172 
217 
183 
160 
190 
170 
170 
180 
140 
150 
170 


DON HOO 


cooooooocococoo 


| 


216 / auGcust 1959 Transactions of the ASME 


fe 
| Fr F, | to | r) i| 
272 | 203 17 017,  -- -- 

273 203 | 17 022) 12 
274 204 | 16 035| 56 
= 256 202 | 22 012, 28 
ieee 257 202 | 21 022 16 
258 202 20 024 9 
259 203 20 035 14 | 
ie 260 201 | 26 008 18 | 
26} 202 24 015, 15 
Be 262 202 | 24 021) 13 
286 202 | 24 -- i6 
| 263 202 | 24 -- 68 | 
= 264 202 | 28 009 17 | > 
a 265 202 | 27 013| 12 

266 202 27 020. i5 
a 267 203 | 27 026) i5 
268 202 | 22 
a 269 263 | 30 013 16 P 
270 202 29 018 21 
re 271 202 30 032 i8 | 
276 202 | 34 008 29 
‘es 277 201 | 33 014) 20 | 
278 202 | 32 017) 16 173 || 
es 279 203 | 32 023} 15 | 173 || 
St 280 200 | 34 -- -- | 150 || 
tal 281 202 | 35 014) 25 | 153 
284 202 35 012; 26 | 147 
peat 282 202 | 35 026 | 28 «153 
9 285 202 | 34 019) 18 | 173 
se 283 202 | 34 033! 28 | 160 
| | 
Run |Q| F, | F t 
Fegan | No. | | | 
[328 | 15] 245] .040 -- 85 
ik | 332 | 20| 224] 92} 020 | 0.035) 70 
he 334 | 193] 45) o19| -- | 
ral 331 | 20) 303| 90 025 | 9.040 90 
336 | 25) 184) 28 016 28 
| 337 | 25| 261) 39 021 35 
| 338 | 25, 364| 44 025 95 
| 340 | 30| 169} 16 013 9.018 45 
cpa | 341 | 30| 244| 16 018 020| 33 | 
| 342 336 | 54 022 |.024 200 | 
| 344 | 35| 161] 6 613 45 
| 345 | 35| 239] 12 018 33 
sey: | 346 | 35| 319] 25 021 |§.035| 75 
348 | 40] 143| -6 012 20 | 
| 349 | 40) 222| -8) 017 45 

| 350 | 40] 264) -16 | .022 66 

1 


Cutting fluid: Air 
Outside diameter of tube: 4.171 in 
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Table 9 Cutting data 
Work material: 2024-T4 aluminum alloy 
‘Yoo! material: HSS (18-4-1); 3-deg end clearance 
Mean cutting speed: 570 fpm 
| Chip Ratios 
Run | Fy ty w p 
No 
432 5 84 50 | 1.99 | 0.521 | 0.550} 0.523 0.200 | 0.200; 28.8 
503 5 79 51] 1.99 | 0.512 | 0.533) 0.536 0.200 | 0.202; 28.1 
431 5 | 144 75 | 4.01 | 0.517 | 0.501) 0.543 0.200 | 0.200; 28.4 | 0. 
433 5 | 159 84 | 4.89 | 0.548 | 0.527} 0.552 0.200 | 0.203; 29.8 | 0. 
504 5 | 166 85 | 4.89 | 0.550 | 0.523] 0.555 0.200 | 0.202; 29.9/ 0. 
434 5 | 216 87 | 7.35 -- 0.621) 0.636 0.200 | 0.203 | 33.8 | 0. 
505 5 | 215 88 | 7.35 -- 0.635; 0.655 0.200 | 0.202) 34.7 | 0. 
435 5 | 277 89 | 9.81 | -- 0.682) 0.720 0.200 | 0.203 | 37.4) 0. 
506 5 | 269 88 | 9.81 | -- 0.649; 0.740 0.200 | 0.203 | 38.2) 0. 
436 | 10 74 37 | 1.99 | 0.547 0.561} 0.529 0.200 0. 200 | 30.7 
507 | 10 72 38 | 1.99 | 0.537 0.547| 0.537 0.200 0.201 | 30.3 | 0 
437 | 10 | 153 69 | 4.89 | 0.551 0.550} 0.568 0.200 | 0.201; 31.0 | 0. 
508 | 10 | 166 71 | 4.89 | 0.548 | 0.532] 0.588 | 0.200 | 0 202 | 30.8 | 0. 
é 438 | 10 | 206| 73 | 7.35 -- 0.596| 0.642 | 0.200 | 0.203 | 35.4 | 0. 
509 | 10 | 209 | 72] 7.35 | 0.578| 0.638 | 0.200 | 0.202) 35.20 
510 | 10 212 | 70 | 7.35 -- 0.594) 0.625 0.200 | 0.202! 34.7 0. 
439 | 10 | 263! 67] 9.81 0.651); 0.680 0.200 0 203 | 37.2) 0. 
511 | 10|254| 69|9.81 -- | 0.650) 0.685 0.200 0.203 | 35.6 | 0 
440 (15 68 | 31 | 1.99 | 0.573 | 0.587} 0.554 0.200 | 0.200 | 33.0 | 
512 | 15 70 |} 30) 1.99 | 0.564 | 0.552) 0.547 0.200 | 0 200 | 32.6 im) 
441 | 15 148 | 55 | 4.89 | 0.555 | 0.524| 0.555 0.200 | 0.202) 32.1 | 0. 
513 | 15 | 144 | 54 | 4.89 0.552 | 0.540} 0.559 0.200 | 0.201 | 31.9 | O. 
442 | 15 203 | 60 | 7.35 | -- 0.576; 0.600 0.200 | 0.203 | 34.5 | 0 
514 | 15 56/ 7.35 | -- 0.594! 0.623 0.200 | 0.202| 35.7 | O. 
443 15 | 243 | 49 | 9.81 | -- 0.596, 0.650 0.200 | 0.204) 37.0 |, 90 
515 | 15 | 239 49 | 9.81 | -- 0.616) 0.654 0.200 | 0.202; 37.3 lo. 
444 | 20 68 | 26 | 1.99 | 0.600 0.624| 0.636 0.200 | 0.200} 35.3 | O. 
516 | 20 63 | 24] 1.99 | 0.585 | 0.630| 0.582 0.200 | 0.200 | 34.5 | 0. 
445 | 20/145) 43 | 4.89 | 0.578 | 0.567| 0.560 0.200 | 0.200 | 34.1 ‘hat 
517 20 | 138 | 40 | 4.89 | 0.573 | 0.562} 0.587 0.200 | 0.200 | 33.8 
446 20 | 195 | 47 | 7.35 -- 0.580| 0.607 0.200 | 0.203 | 35.7 | 0. 
447 20 | 200 | 48 | 7.35 | 0.605 0.594| 0.638 0.200 | 0.202 | 35.6 | 0. 
518 20 | 194; 48| 7.35) -- 0.590) 0.612 0.200) 0.202 36.0 | 0. 
448 | 20! 239 | 38 | 9.81 -- 0.632 | 0.666 0.200 | 0.202; 39.0 | 0. 
519 20; 234; 39] 9.81 -- 0.638 | 0.666 0.200 |} 0.202; 39.1 | 0. 
449 25 62| 21] 1.99 0.613 | 0.628 | 0.605 0.200 | 0.200} 36.8 | 0. 
520 25 | 61 | 19} 1.99 0.616 | 0.612 | 0.630 0.200 | 0.200} 37.1 |0. 
450 25 | 138) 34 | 4.89 | 0.606 0.588 | 0.610 0.200 | 0.200; 36.5 
521 25, 133 29 | 4.89 0.598 | 0.592 | 0.586 0.200 | 0.201} 35.9 |0 
451 25; 195| 39] 7.35 | 0.613 | 0.595 | 0.615 0.200 | 0.201 | 36.8 0. 
522 25| 195| 33 | 7.35 -- | 0.626 | 0.617 0.200 | 0.201} 37.1 |0 
452 25; 235| 26/ 9.81 -- | 0.641 | 0.671 0.200 | 0.203} 40.4 |0 
523 25, 234 25 | 9.81 -- | 0.631 | 0.661 0.200 | 0.202; 39.7 |0 
453 | 30 61, 18) 1.99 -- | 0.579 | 0.592 0.200 | 0.200} 36.1 |0 
524 | 30, 61; 15] 1.99 |0.631 | 0.653 | 0.668 0.200 | 0.200| 38.6 |0 
| 454 | 30 129 28 | 4.89 |0.633 | 0.637 | 0.629 0.200 | 0.200} 38.7 |0 
| 525 30, 126) 4.89 |0 625 0.627 | 0.610 0.200 | 0.200 | 38.2 |0 
455 30) 183 27 | 7.35 |0.634 | 0.632 | 0.648 0.200 | 0.202! 38.7 |0 
| 526 30; 180; 19|7.35 -- | 0.647 | 0.654 0.200 | 0.202} 40.1 
456 | 30 226 | 12/ 9.81 - | 0.628 | 0.665 0.200 | 0.202/} 40.8 |0. 
527 | 219| 9.81 -- | 0.645 | 0.645 0.200 | 0.202) 39.5 |0 
457 35; 58) 10] 1.99 |0.665 | 0.674 | 0.650 0.200 | 0.200} 41.4 
528 35; 13 1.99 |0.666 | 0. 668 | 0.667 0.200 | 0.200; 41 5 |0 
| 458 35| 123 7 4.89 |0.650 | 0.631 | 0.658 0.200 | 0.200 | 40 3 |0 
529 35 | 119 | 9 | 4.89 |0.649 | 0.657 | 0.645 0.200 | 0 200 | 40 2 |0 
459 35| 175 4|7.35 |0.648 | 0 624 | 0.668 0.200 | 0.201 | 40 2 |0 
| $30 35 | 169 | 5 | 7.35 |0.647 | 0.636 | 0.651 0.200 | 0.201 | 40.2 
| 460 211; -4/9.81 0.633 | 0.651 0.200 | 0.203 40 4 |0 
531 35; 210; -3/9.81 -- 0.633 | 0.699 0.200 | 0.201 | 43.7 (0 
461 40; 58) 6 | 1.99 |0.676 | 0.638 |0.611 0.200 | 0 200 | 42.5 
532 | 40] 52.| 6 | 1.99 |0.689 | 0 662 | 0.689 0.200 | 0.200 | 43.4 (0. 
462 | 40} -2 4.89 |0.681 | 0.676 |0.714 0.200 | 0.201 | 42.8 
533 ; 40 115 | -2 | 4.89 |0.680 } 0.671 |0.695 0.200 lo 200 | 42.8 (0. 
463 | 40) 164 | -6 | 7.35 |0.661 | 0.664 | 0.676 0.200 | 0 201 | 41.4 
534 | 40) 160) -6 | 7.35 |0.670 | 0.678 | 0.665 0.200 | 0 201 | 42.1 
464 40) 214) -14 | 9.81 -- 0.656 | 0.639 0.200 | 0.201 | 39.7 
| 40; 205 | -15 | 9.81 -- 0.670 |0.700 0.200 | 0.201 3 ‘0. 


|cnip Finish 
Max. Tool Air 
47 | 140 
== | 1 
009} 11 | 233 
015 5 | 257 
014 8 | 162 
018 6 | 300 
017 7 | 232 
020; 19 | 312 
019; -- | 325 
012; 24 | 118 | 
015) 9 | 200 | 
016 6 | ais | 
018 6 | 217 | 
019, 5 | 208 | 
019) «4 218 | 
019 8 | 290 | 
020 10 | 180 
-- | 30 | 152 | 
012) 34 | 117 
015| 23 | 213 
016; | 165 
017 8 | 207 
017 5 | 195 
11 | 243 
ou) 15 | 210 
014! 38 | 130 
009; 25 | 115 
020! 21 | 193 
-- | 19 165 
018 6 | 227 


020, 12 | 192 
018 3 197 
022 4 | 177 
009| 36 | 130 
17 | 132 
013; 21 | 147 
015| 24 | 162 
018} 10 | 135 
017} #19 182 
019 7 | 185 | 
019 9 | 187 | 
014; 30 | 70 
008} 20 | 110 | 
015| 22 | 137 | 
015) 52 | 170 | 
| 137 
017; 16 | 192 
020; 8 | 150 
020 8 | 192 
-- 27 | 63 
005) 20 | 122 | 
013) 28 | 133 
013, 36 | 132 | 
016 14 | 132 | 
015; 26 | 160 | 
016 9 | 147 | 
018) 14 | 192 | 
013 20 | 88 
006, 20 | 132 | 
022) 24 | 110 
013! 20 | 145 | 
018; 21 | 113 
33 | 135 
14 147 
019} 25 | 162 
- 
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08 
13 
13 
16 ~ 
16 
18 
18 
1 
4 
17 
18 
18 
18 
p19 
b10 
14 
p19 
16 
12 
08 
16 ~ 
17 
17 | 0.018 4 2 
019| 0 
017 | 0. 
021 | O. 
007 | 0. 
007 0 
012 | O. 
014 | 0 
| 016 | 0 
018 | 
018 0 
013 | 0 
006 | 0 
014 | 0 
014 0 
016 | 0 ae 
0160 
018 | 0 
019 | 0 aN 
004 | 0 
008 | 
011 | 0 
013 0 
013 | 0 
014 | 0 
017 | 0 
010 |0 
005 
018 | 0 
011 | 0 
017 | 0 
015 | 0 
019 | 0 
018 | 0 
| 


Table 10 Cutting data 
Work material: 2024-T4 aluminum alloy Cutting fluid: Air 
Poo! material: HSS (18-4-1); 3-deg end clearance . Outside diameter of tube: 4.171 in. 
Mean cutting speed: 789 fpm 


Chip Ratios Chip Finish 
Tool Air 
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Table 11 Cutting data 


\ ork material: 6061-T6 aluminum alloy Cutting fluid: Air 
Pool material: HSS (18-4-1); 3-deg end clearance Outside diameter of tube: 3.169 in. 
Mean cutting speed: 573 fpm 


Chip Ratios Chip Finish 
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| } | 

| No. H Vv ° 1 t w | 

| 10| 77| 38 .004 | 0.005 143 
536 | 10,151] 58 014 | 0.015 258 
538 10/205 58 -- |0,017| mm | 255 
| 539 | 10 244 54 017 | 0.018] -- -- 
78) 31 -- | 0.005 
15 148) 49 | 0.014 |= 
(542 | 15/193 | 43 
543 | 15 | 235| 36 

544 20) 64), 22 006 0.008| 29 | 128 
545 | 20,159 39 014/0.015| 17 | 193 
| 548 | 20 39 -- | -- | 14 | 190 
is 546 | 20 189) 33 017 0.017/ 8 | 222 | 
547 | 20| 225| 23 018 | 0.019, 10 | 230 | 
549 68 18 008 | 0.010) 27 | 135 ‘ 

550 | 25/136 | 26 013 | 0.014) 20 | 187 
(551 | 25/188) 24 018 |0.019| 10 | 207 
| 552 | 25/218} 11 020 0.021 2 | 232 

553 | 30| 53] 13 

|554 | 30|124| 15 .010 | 0.012] 21 | 150 

| 30/175 | 10 7 | 160 

| 35 | 54 | 10 008 | 0.010} 28 | 103 

; | 014| -- | 15 | 197 

558 | 3 7 

| 35 | 168 | 1 | 0.016} 13 | 227 
|560 35 | 205 | -10 -017 | 0.018] 14 | 183 
|561 | 40/ 51 | 3 pied | 3 
{562 | 40/118] -2 -- -- | 123 | 14 

| Run | a | Fu 

fhe | No. | | | 

— } } + — 
484 | 20/ 120] 51 | -- -- mus 
488 | 25/ 51] 16 | .499 031 102 
485 | 25/ 110) 36 | .512 | 008} 7 | 117 
| 486 | 25| 159| 54 | 511 020; 8 | 125 
a | 487 | 25| 206| 77 | 495 | 032) 6 | 138 
| 30) 50/15 | .531 | 7 | 93 
ae | 490 | 30) 95] 23 560 | 018} 10 | 120 
493 30 | 101} 24 | 556 | -- 10 | 102 
| 491 | 30/ 37 | 544 | 029| 10 | 130 
492 | 193} 55 | 032 117 
494 | 35| 47] 11 . 563 014 78 
| 35] 89| 14 . 604 018 113 
a) | 496 | 35 | 133 | 20 589 | 026 107 
| 497 | 35 | 180] 39 570 | 028 97 
ae | 498 | 40 | 41| 9 599 | 009 97 
| 499 | 89] 6 | | 018 105 
ne (500 | 40/120] 9 | .621 | 026 108 
501 | 40| 159] 15 . 632 029 107 


Table 12 Cutting data 


Work material: brass (85 Cu + 15 Zn) cold drawn Cutting fluid: Air 
Tool material: HSS (18-4-1); 3-deg end clearance Outside diameter of tube: 3.462 in. 
Mean cutting speed: 472 fpm 


Chip Ratios Chip Finish 
t w 
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0.345 
0.363 
0.362 
0.364 
0.351 
0.388 
0.383 
0.399 
0.392 
0.367 
0.435 
0.380 
0.376 
0.381 
0.378 
0.384 
0.387 
0.404 
0.401 
0.372 
0.405 
0.398 
0.385 
0.405 
0.406 
0.417 
0.424 
0.424 
0.436 
0.418 


0.408 
0.435 
0.423 
0.442 
0.426 
0.444 
0.450 
0.469 
0.453 
0.436 
0.437 
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374 
391 
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—— 
Ru 
564. 162| 48 103 tide 
591 155| 36 90 Eke 
563 183} 53 110 1 (hs 
565 62 100 
592 215; 56 | 100 ae 
566 294| 73 | “or 
593 | 284| | 127 
567 340 | 102| | 100 
594 83] 113 
577 | 25| 17) | 77 
595 | 18| | 70 
568 | 25\140| 
596 | 25/138| 28 | 92 “he 
569 | 25/195| 41 103 | 
597 | 25} 208! 39 | 107 | 
570 | 25 | 55 | 103 | 
598 | 25 | 265| 56 113 
571 | 25|327| 55 | 107 | 
599 | 25 |322| 59 | 110 | 
576 | 30| 64| 12! 73 | 
600 | 30| 73 9 | 32] pee 
572 | 30/125! 15| 97 | 
601 | 19) 95 | 
573 | 16| 97 
602 | 30 | 182 24 | 100 Lo 
574 | 30 | 239| | 113 
603 | 30 | 229! 107 | 
575 | 30 |274| 24 97 
604 | 30 |275| 22 105 | 
578 | 35} 59| 4| 67 | 
605 | 6 70 
579 | 35| 112 1 78 7 Si 
|606 | 35 | 108 3 | 88 
580 | 35|164| 0 | 77 
607 | 35 | 156 90 
581 | 35|}210| -7 90 
608 | 35 | 219 ‘| 103 | 
| 35/249) -8 78 
609 | 35/251! -7| | 100 | 
583 | 40] 53 0 68 | 
610 | 56 0 | 67 | 
584 | 40| 99) -6 77 | ae 
611 | 40/100) -5 | 80 | & 
585 | 147) -9 | 80 | 
612 | 401144) -11 | 83 
586 | 40/188) -14 | 85 | 
613 | 40 188) -16| | 97 
587 | 40 | 230| - | 82 | oa: 
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